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bstract

The homogenisation method with multiple scale expansions is used to investigate the slow and isothermal flow of generalised Newtonian fluids
hrough anisotropic porous media. From this upscaling it is shown that the first-order macroscopic pressure gradient can be defined as the gradient
f a macroscopic viscous dissipation potential, with respect to the first-order volume averaged fluid velocity. The macroscopic dissipation potential
s the volume-averaged of local dissipation potential. Using this property, guidelines are proposed to build macroscopic tensorial permeation

aws within the framework defined by the theory of anisotropic tensor functions and by using macroscopic isodissipation surfaces. A quantitative
umerical study is then performed on a 3D fibrous medium and with a Carreau–Yasuda fluid in order to illustrate the theoretical results deduced
rom the upscaling.

2007 Elsevier B.V. All rights reserved.
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. Introduction

Understanding and modelling the flow of non-Newtonian
uids through porous media is of major importance in many bio-

ogical systems or processes of the petroleum, pharmaceutical,
ood, cosmetic, textile, paper and polymer composite indus-
ries. The flowing fluids involved in the above application fields
sually display complex behaviour, which can exhibit shear
hinning/thickening effects, elasticity, anisotropy, yield stress,
volving substructures . . . In order to better understand the
bove complex fluid flows, previous studies have mainly focused
n flows through isotropic porous media or on on-axis flows
hrough regular arrangements of parallel cylinders. Considered
uids are generalised Newtonian fluids (see the review of [1]),
ield stress fluids [2–4] and viscoelastic fluids [5,6]. In gen-
ral, the resulting macroscopic flow laws look like modified

ersions of the isotropic or 1D Darcy’s law [7]: the relation-
hip between the macroscopic pressure gradient and the seepage
elocity is similar to the constitutive relation between the shear

∗ Corresponding author. Tel.: +33 476 827 073; fax: +33 4 76 82 70 43.
E-mail address: Laurent.Orgeas@hmg.inpg.fr (L. Orgéas).
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tress and strain rate in the flowing fluid at the pore scale
8].

However, porous media involved in industrial processes or
iological systems often exhibit structural anisotropy, and flow-
ng conditions are rarely parallel with the symmetry planes or
xes of the porous microstructures. For such situations, the flow
f non-Newtonian fluids through these media becomes more
roblematic. Corresponding tensorial macroscopic flow laws
re rare, even for fluids which rheology is slightly more com-
lex than that of Newtonian, i.e. for the generalised Newtonian
uids. As a first step towards the study of more sophisticated
uids, more recent works have analysed numerically slow off-
xis flows of some incompressible “simple” inelastic fluids
hrough elementary anisotropic fibrous media [9–12,4,13]. The
nisotropy of the macroscopic flow law was found to depend
n an intricate coupling between the fibrous microstructure and
he rheology of the flowing fluid. For instance, the transverse
ow law through a square arrangement of parallel circular cylin-
ers displayed isotropy for Newtonian fluids, whereas it can

xhibit significant tetratropy for power-law fluids [10]. Simi-
ar trends have been discussed concerning the flow of a shear
hinning fluid through regular arrangements of equal capillaries
8]. Hence, from their numerical results, Wodds et al. [9] have

mailto:Laurent.Orgeas@hmg.inpg.fr
dx.doi.org/10.1016/j.jnnfm.2007.04.018
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rst proposed an orthotropic macroscopic flow law for the 2D
ransverse creeping flow of power-law fluids through rectangu-
ar arrays of parallel fibres with elliptical cross sections. More
ecently, we have pursued their work, extending the domain of
alidity of their model. We have also tried to provide a methodol-
gy to build macroscopic tensorial flow laws of power-law fluids
hrough 2D orthotropic fibrous media: permeation models have
een established studying numerically, i.e. empirically, macro-
copic isodissipation curves resulting from the pore scale flow
13]. In this paper, we would like (i) to consolidate the above
ethodology and (ii) to see whether it can be well-suited to

ther viscous fluids flowing through any anisotropic 3D porous
edia:

The pore scale slow flow of a large set of generalised Newto-
nian fluids (Section 2) is considered and upscaled using the
method of homogenisation with multiple scale expansions
[14,15](Section 3). Notice that this method has already been
used to determine the structure and properties of macroscopic
balance and constitutive equations for slow flows of Newto-
nian fluids [16], power-law fluids [17–19] but also Bingham
fluids through porous media [20]. Also notice that other types
of upscaling techniques have also been already used to anal-
yse the problem, such as for example the volume averaging
method [21–25]. Here, the homogenisation method was cho-
sen because it provides us (i) restrictions to be fulfilled by the
considered fluids an equivalent macroscopic description to be
possible, and (ii) theoretical results from which key properties
of the macroscopic flow law can be further explored (Section

4).
It is proved theoretically that the macroscopic viscous drag
force f, which characterises the local fluid resistance to the
flow, can be seen as the gradient of a macroscopic viscous

N
t

v

ig. 1. The porous medium is seen as a periodic assembly of a Representative Eleme
long an arbitrary X axis using asymptotic expansions (here up to the second order).
luid Mech. 145 (2007) 15–29

dissipation potential 〈Φ〉, with respect to the first-order macro-
scopic seepage velocity 〈v(0)〉 (Section 4.1):

f = − ∂〈Φ〉
∂〈v(0)〉 .

This important property is useful for the development of
macroscopic permeation laws: as examples, 3D tensorial
forms of the macroscopic flow laws are proposed when porous
media exhibit orthotropy, transverse isotropy or isotropy,
within the framework proposed by the theory of anisotropic
tensor functions [26–29].
The last section illustrates the theoretical developments car-
ried out in previous sections. Hence, the pore scale flow of
a Carreau–Yasuda fluid through a 3D rectangular arrange-
ment of fibres with elliptical cross sections is first simulated
with a finite element code. Numerical results are then used
build isodissipation surfaces, from which a macroscopic
orthotropic permeation law is identified.

. Fluid flow description at the pore scale

.1. Problem statement

As shown in Fig. 1, the porous medium is considered as a peri-
dic assembly of a Representative Elementary Volume (REV)
f the porous microstructure. The REV occupies a total volume
rev of typical length lrev. The considered REV is made of a

igid solid phase of volume Ωs, which is saturated by a non-

ewtonian fluid of volume Ωl. A no-slip boundary condition on

he fluid-solid interface Γ is assumed:

= 0 on Γ, (1)

ntary Volume (REV). Basic principles of the approximation of a scalar field ϕ
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being the fluid velocity field. Likewise, the fluid is supposed to
e incompressible, isotropic and purely viscous. The mass and
omentum balances for an isothermal steady slow flow (inertial

ffects are neglected) of such an incompressible viscous fluid are
espectively:

· v = 0 in Ωl, (2)

· � = ∇p in Ωl. (3)

here ∇ is the differential operator with respect to the physical
pace variable X, p is the incompressibility pressure and where �
s the viscous stress tensor. � is supposed to be a unique function
f the strain rate tensor D = (∇v + T∇v)/2. In this work, we
ill focus on the cases where

= 2ηD, (4)

here the fluid viscosity η > 0 is supposed to be a function of
he equivalent shear strain rate γ̇eq = √

2D : D. We restrict the
resent study to the case where

∂η

∂γ̇eq
γ̇eq > −η. (5)

Many well-known rheological models satisfy (4) and (5), the
ost famous being the Newtonian fluid, shear thinning or thick-

ning versions of the power-law (Ostwald–deWaele) fluid, the
ross fluid or the Carreau–Yasuda fluid [30,31]. . . Let us remark

hat the purely viscous models that have been developed in order
o mimic the viscoplastic Bingham and Herschel–Bulkley mod-
ls also belong to this group, such as the bi-viscosity model
roposed by Lipscomb and Denn [32,33,2,4], the continuous
iscous model proposed by Papanastasiou [34,3].

It must be pointed out that for all the viscous fluids under
onsideration, the viscous stress tensor � can be defined as the
radient, with respect to the strain rate tensor D, of a viscous
issipation potential Φ:

= ∂Φ

∂D
, (6)

here the viscous dissipation potential Φ is positive and such
hat

∂Φ

∂D

∣∣∣∣
D=0

= �(D = 0) = 0. (7)

he dissipation potential Φ can also be expressed as a function
f γ̇eq so that

= ∂Φ

∂D
= ∂Φ

∂γ̇eq

∂γ̇eq

∂D
= τeq

∂γ̇eq

∂D
= 2

τeq

γ̇eq
D = 2ηD. (8)

n the last equation, τeq = ηγ̇eq is the equivalent shear stress.
he equivalent shear stress τeq and the equivalent shear strain

ate γ̇eq verify:
dis = � : D = 2ηD : D = ηγ̇2
eq = τeqγ̇eq, (9)

herePdis is the volumetric mechanical dissipation. Finally, it is
mportant to notice that restriction (5) implies that the dissipation

t
a
a
p

luid Mech. 145 (2007) 15–29 17

otential Φ is convex:

Da, Db ∈ E3 ⊗ E3, Φ(Db) − Φ(Da) ≥ ∂Φ

∂D

∣∣∣∣
a

: (Db − Da).

(10)

.2. Separation of scales

In order to obtain a macroscopic description of the above
ocal physics, it is assumed, as illustrated in Fig. 1, that the
eometrical length lrev as well as the characteristic local length

c of the physical phenomena under consideration are supposed
o be small compared to the characteristic lengthLc of the sample
r macroscopic excitation. By assuming (for a sake of simplicity)
hat lrev and lc are of the same order of magnitude, such a scale
eparation condition is directly connected to the scale separation
arameter ε, that must be small for a macroscopic equivalent
odel to exist:

= lc

Lc
� 1, (11)

For the considered fluid flow problem, the local length lc
can be seen as the characteristic thickness of the sheared
fluid at the pore scale. As an example, by considering the
in-axis transverse flow of power-law fluids through rectangu-
lar arrangement of parallel cylinders with an elliptical cross
section, the characteristic length is found to be close to half
the gap between two neighbouring fibres [9,13].
In case of a laboratory permeation experiment performed
with an homogeneous porous sample and under homoge-
nous testing conditions (e.g. constant pressure gradient), the
macroscopic length Lc is typically the height of the sam-
ple. For more complex situations, i.e. in case of a permeation
problem trough a porous medium displaying macroscopic het-
erogeneities (varying upon a characteristic length Lh) and
subjected to a macroscopic heterogeneous loading (e.g. pres-
sure gradient varying upon a characteristic length Lp), the
macroscopic length Lc would be the smallest length between
Lh and Lp.

.3. Dimensionless pore scale description

Adopting the methodology proposed in [35], we introduce in
qs. (1) and (2) the following dimensionless variables (subscript
c” denotes characteristic values)

∗ = 1

lc
X, v∗ = 1

vc
v, p∗ = p

�pc
, D∗ = lc

vc
D,

∗(D∗) = 1

τc
�. (12)

The vector y∗ is the so-called non-dimensional microscopic
pace variable: it is obtained normalizing X using the charac-

eristic length lc. In the above dimensionless variables, pressure
nd deviatoric stresses have been distinguished, because they are
ssociated with two different physical phenomena. The pressure
, which typical variation in the considered problem is �pc, is
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irectly connected with the fluid incompressibility constraint
2). By contrast, shear stresses, of characteristic value τc, are
nduced by viscous deviatoric deformation of the fluid during
he flow. Hence, the formal dimensionless set of equations that
escribes the flow is thus written

∇∗ · v∗ = 0 in Ω∗
l

∇∗ · �∗ = Q∇∗p∗ in Ω∗
l

v∗ = 0 on Γ ∗,
(13)

here ∇∗ is the dimensionless gradient operator with respect to
he microscopic space variable y∗ and where

∗ = 2η∗(γ̇∗
eq)D∗ (14)

nd

= �pc

τc
. (15)

he order of magnitude of the dimensionless number Q can be
stimated. For instance, during a permeation experiment per-
ormed with an homogeneous porous sample of height Lc and
nder homogenous testing conditions, the fluid flow is driven
y a balance between local volumetric viscous drag forces of
haracteristic value fc = τc/lc, and the imposed macroscopic
ressure gradient of characteristic value �pc/Lc [35,19]:

�pc

Lc
= O(fc) = O

(
τc

lc

)
. (16)

o that

= O(ε−1), (17)

ence, it is possible to rewrite the local dimensionless descrip-
ion as

∇∗ · v∗ = 0 in Ω∗
l

ε∇∗ · �∗ = ∇∗p∗ in Ω∗
l

v∗ = 0 on Γ ∗.
(18)

. Upscaling

The homogenisation procedure is then achieved by intro-
ucing the multiple scale coordinates [14,15]: the macroscopic
imensionless space variable, x∗ = X/Lc, and the microscopic
imensionless space variable y∗, both being linked by x∗ = εy∗.
f (11) is well-satisfied, then y∗ and x∗ can be considered as two
ndependent space variables, and the physical variables of the
roblem, i.e. the velocity and the pressure, can then be seen
s a priori functions of y∗ and x∗, i.e. v∗(y∗) = v∗(x∗, y∗) and
∗(y∗) = p∗(x∗, y∗). Consequently, the spatial differential oper-
tor ∇∗ can be written as

∗ = ∇y∗ + lc ∇x∗ = ∇y∗ + ε∇x∗ . (19)

Lc

here ∇y∗ and ∇x∗ represent spatial differential operators with
espect to y∗ and x∗, respectively. As illustrated by the graph
lotted in Fig. 1, we now assume that the velocity and pressure

p
t
c

�

luid Mech. 145 (2007) 15–29

elds can be expressed in the form of asymptotic expansions in
owers of ε [14,15]:

∗ = v∗(0)(x∗, y∗) + εv∗(1)(x∗, y∗) + ε2v∗(2)(x∗, y∗) + · · · ,
∗ = p∗(0)(x∗, y∗) + εp∗(1)(x∗, y∗) + ε2p∗(2)(x∗, y∗) + · · · ,

(20)

here the functions v∗(i) and p∗(i) are of the same order of mag-
itude and are supposed to be Ω-periodic with respect to the
imensionless space variable y∗. By noting

i ≥ 0, D∗(i)
y = ∇y∗v∗(i)+T∇y∗v∗(i)

2
,

∗(i)
x = ∇x∗v∗(i)+T∇x∗v∗(i)

2
(21)

nd

∗(0) = D∗(0)
y , D∗(i) = D∗(i−1)

x + D∗(i)
y , i > 0, (22)

nd then

˙ ∗(0)
eq =

√
2D∗(0) : D∗(0), γ̇∗(1)

eq =
√

4D∗(0) : D∗(1),

˙ ∗(2)
eq =

√
2D∗(1) : D∗(1) + 4D∗(0) : D∗(2), (23)

he dimensionless strain rate tensor D∗ and shear strain rate γ̇∗
eq

nvolved in (14) now respectively become

∗ = D∗(0) + εD∗(1) + ε2D∗(2) + · · · , (24)

˙ ∗2
eq = γ̇∗(0)2

eq + εγ̇∗(1)2

eq + ε2γ̇∗(2)2

eq + · · · (25)

he viscosity η∗ is then expressed as a Taylor expansion around
˙ ∗(0)
eq .

∗(γ̇∗
eq) = η∗(γ̇∗(0)

eq )+
[

∂η∗

∂γ̇∗2
eq

]
γ̇

∗(0)
eq

ε(γ̇∗(1)2

eq +εγ̇∗(2)2

eq +· · · )+· · ·

+
[

∂kη∗

∂(γ̇eq∗2 )k

]
γ̇

∗(0)
eq

1

k!
εk(γ̇∗(1)2

eq +εγ̇∗(2)2

eq +· · · )
k+· · ·

(26)

y assuming that

k ≥ 1, O

⎛
⎜⎝ 1

k!

∣∣∣∣∣∣∣
⎡
⎣ ∂kη∗

∂(γ̇∗2
eq )

k

⎤
⎦

γ̇
∗(0)
eq

∣∣∣∣∣∣∣
⎞
⎟⎠ ≤ O(ε1−k), (27)

he viscosity η∗ can then be put in the form:

∗ = η∗(0) + εη∗(1) + ε2η∗(2) + · · · , (28)

here the η∗(i)’s are of the same order of magnitude. Assumption
27) ensures that η∗(0) = η∗(γ̇∗(0)

eq ). This is a necessary con-
ition for the problem to be homogenisable. From a physical

∗(0)
oint of view, this means that within the neighbouring of γ̇eq ,
he variation of η∗ with γ̇∗

eq must not be too sharp. Under such
ircumstances, the viscous stress tensor can be expanded as

∗ = �∗(0) + ε�∗(1) + ε2�∗(2) + · · · (29)
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here the �∗(i) are of the same order of magnitude and where,
n particular,

∗(0) = 2η∗(0)D∗(0) = �∗(D∗(0)). (30)

he method then consists in incorporating the above expansions
n the dimensionless system (18) and identifying the successive
rders of ε. At the lowest (zero) order one obtains:

∇y∗ · v∗ = 0 in Ω∗
l

∇y∗p∗(0) = 0 in Ω∗
l

v∗(0) = 0 on Γ ∗
(31)

t the next order, the following set of equations is obtained:

∇x∗ · v∗(0) + ∇y∗ · v∗(1) = 0 in Ω∗
l ,

∇y∗ · �∗(D∗(0)) = ∇y∗p∗(1) + ∇x∗p∗(0) in Ω∗
l ,

v∗(1) = 0 on Γ ∗.
(32)

.1. First-order pressure

From (31b) it is concluded that

∗(0)(x∗, y∗) = p∗(0)(x∗), (33)

o that at the first order, the pressure does not depend on the
ocal space variable y∗, i.e. p∗(0) is constant in the whole REV.

.2. Self-equilibrium of the REV

The set of Eqs. (31a), (31c), (32c) represents a boundary value
roblem for the y∗-periodic unknowns v∗(0) and p∗(1), in which
he macroscopic pressure gradient ∇x∗p∗(0) is considered as a
nown and constant volumetric source term (at this stage of the
omogenisation process). The corresponding weak formulation
s

u∗ ∈H,

∫
Ω∗

l

�∗(D∗(0)) : D∗
y(u∗) dV ∗

+
∫

Ω∗
l

u∗ · ∇x∗p∗(0) dV ∗ = 0, (34)

here H is a Hilbert space of vectors u∗ defined on Ω∗
l , y∗-

eriodic, divergence free and zero-valued over Γ ∗. To obtain
34), H was ascribed the following inner product:

u∗, v∗)H =
∫

Ω∗
l

∇y∗u∗ : ∇y∗v∗ dV ∗. (35)

dopting a reasoning similar to that proposed in [19] in the
ase of power-law fluids, the convexity property (10) as well
s the last equation are used to obtain the following variational
nequality:

w∗ ∈H, J(w∗) − J(v∗(0)) ≥ 0, (36)
here J is a convex function defined as

(w∗) =
∫

Ω∗
l

(Φ∗(D∗
y(w∗)) + w∗ · ∇x∗p∗(0)) dV ∗. (37)

r
i
d
fl
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here exists a unique solution w∗ ∈H that minimizes J(w∗),
.e. w∗ = v∗(0). This solution depends on the microscopic space
ariable y∗, the macroscopic gradient of pressure ∇x∗p∗(0), the
heology of the fluid (rheo), and the porous medium microstruc-
ure (micro):

∗(0) = v∗(0)(∇x∗p∗(0), rheo, micro) (38)

ccounting for the last result, (32b) now shows that p∗(1) is also
function p′∗(1) of the imposed macroscopic pressure gradient

x∗p∗(0), up to an arbitrary y-independent pressure p′′∗(1)(x):

∗(1) = p′∗(1)(∇x∗p∗(0), rheo, micro) + p′′∗(1)(x) (39)

n practice (e.g. the numerical example exposed in Section 5),
he pressure p′′∗(1) can arbitrarily be set to 0 on only one point
f the REV.

.3. Macroscopic balance equations of the flow

The integration of the mass balance equation (32a) over Ω∗
l ,

ombined with both the periodicity boundary condition and the
o-slip boundary condition (32c) on Γ ∗ yield the following
ompatibility condition, here recasted in a dimensional form:

· 〈v(0)〉 = 0 in Ωl, (40)

ith

v(0)〉 = 1

Ωrev

∫
Ωl

v(0) dV = h(∇p(0), rheo, micro), (41)

r, in the reverse form:

p(0) = f(〈v(0)〉, rheo, micro), (42)

here f is here seen as a volumetric viscous drag force. Eqs.
40) and (42) represents respectively the macroscopic mass and
omentum balance equations for the macroscopic equivalent

ontinuous medium, within an orderO(ε) approximation. More-
ver, choosing u∗ = v∗(0) in (34) yields:

Ω∗
l

Pdis(D(0)(v(0))) dV +
∫

Ωl

v(0) · ∇p(0) dV = 0, (43)

hich shows that the first-order macroscopic volumetric dissi-
ation, i.e. −∇p(0) · 〈v(0)〉 = −f · 〈v(0)〉, equals the first-order
olume average 〈Pdis〉 of local dissipative source Pdis:

f · 〈v(0)〉 = 1

Ω

∫
Ωl

Pdis dV = 〈Pdis〉 = 〈τeqγ̇eq〉. (44)

. Structure and property of the macroscopic flow law

.1. General form

When the flowing fluid is Newtonian, relation (34) proves
hat the drag force f is a linear function of 〈v(0)〉, so that Eq. (42)

educes to a general Darcy’s law. When the power-law model
s used, Eq. (34) shows that f is an homogeneous function of
egree n of 〈v(0)〉 [17–19], n being the power-law exponent of the
owing fluid. For other considered viscous models, no similar
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pecific property can be established. Hence, in order to further
nvestigate the general form of the macroscopic flow law for
hese fluids, i.e. the relation between f and 〈v(0)〉, the volume
verage 〈Φ〉 of the dissipation potential Φ is introduced:

Φ〉 = 1

Ω

∫
Ωl

Φ(D(v(0))) dV. (45)

Φ〉 is convex and positive. The variation d〈Φ〉 of 〈Φ〉 can be
ritten as

〈Φ〉 = 1

Ω

∫
Ωl

(Φ(D(v(0) + dv(0))) − Φ(D(v(0)))) dV

= 1

Ω

∫
Ωl

∂Φ

∂D(0) : D(dv(0)) dV + · · ·

= 1

Ω

∫
Ωl

�(D(0)) : D(dv(0)) dV + · · · (46)

r, by putting u∗ = dv∗(0) in (34):

〈Φ〉 = −f · 1

Ω

∫
Ωl

dv(0) dV + · · · . (47)

f we now suppose that 〈Φ〉 can be expressed as a function of
v(0)〉, i.e. 〈Φ〉 = 〈Φ〉(〈v(0)〉), it is possible to write:

〈Φ〉 = 〈Φ〉(〈v(0)〉 + d〈v(0)〉) − 〈Φ〉(〈v(0)〉)

= ∂〈Φ〉
∂〈v(0)〉 · d〈v(0)〉 + · · · (48)

herefore, as dv(0) → 0, Eqs. (47) and (46) allow us to write by
dentification:

= − ∂〈Φ〉
∂〈v(0)〉 (49)

o that the drag force f is the gradient, with respect to 〈v(0)〉, of a
acroscopic dissipation potential defined as the volume average

Φ〉 of the local dissipation potential Φ. As a consequence, the
rag force f obeys the normality rule: when it is plotted in the
elocity space, f is normal to the iso-potential surface passing
hrough the point which position is defined by 〈v(0)〉. Such a
roperty was recently emphasized numerically (empirically) in
he case of 2D flow of power-law fluids through fibrous media
13].

At the microscopic scale, we have shown in Section 2 that Φ

ould be expressed as a function of the local equivalent shear
train rate γ̇eq. Similarly, it is assumed that at the macroscopic
cale, 〈Φ〉 can be expressed as a function of an equivalent veloc-
ty veq(〈v(0)〉), defined as a norm in the velocity space. Hence, a

ore convenient form of the drag force f is obtained:

= −∂〈Φ〉
∂veq

∂veq

∂〈v(0)〉 = −feq
∂veq

∂〈v(0)〉 , (50)
here

eq = ∂〈Φ〉
∂veq

(51)

w
m

M
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s the equivalent drag force. feq and veq both verify:

Pdis〉 = 〈τeqγ̇eq〉 = −f · 〈v(0)〉 = feqveq. (52)

astly, by accounting for the physical arguments used to estab-
ish (16), the equivalent drag force may be expressed as

eq = τc

lc
. (53)

rom (4) and (12), we get

c = η
vc

lc
with η = η

(
vc

lc

)
. (54)

ntroducing α, a constitutive parameter that links the char-
cteristic local velocity vc with the macroscopic equivalent
elocity veq by vc = αveq, leads finally to another form
f feq:

eq = 1

lc
η
αveq

lc
= f (veq) with η = η

(
αveq

lc

)
. (55)

otice that due to restriction (5) imposed on the viscosity
, the function f can be inverted (see Section 4.5). Likewise,
aking into account (55), the macroscopic dissipation may be
xpressed as

Pdis〉 = feqveq = α

l2c
ηv2

eq with η = η

(
αveq

lc

)
. (56)

onsequently, when it is plotted in the velocity space,
he macroscopic isodissipation surface corresponds to a
onstant equivalent velocity. Moreover, the form of the
eneral macroscopic flow law of viscous fluids under con-
ideration through any anisotropic rigid porous media now
eads

= − α

l2c
ηveq

∂veq

∂〈v(0)〉 with η = η

(
αveq

lc

)
. (57)

n the next three sections, the expression of veq will be further
pecified for cases where the porous microstructures display
rthotropy, transverse isotropy and isotropy.

.2. Orthotropic porous media

.2.1. General form
When the considered porous medium displays at least two

rthogonal symmetry planes of unit normals eI and eII (for
nstance), i.e. when it exhibits orthotropy with three orthogo-
al axes eI, eII and eIII = eI × eII, standard results of the theory
f representation of anisotropic tensor functions allows us to
xpress f by the following frame-independent form (for details,
ee [26–29]):

= −(ϕIMI + ϕIIMII + ϕIIIMIII) · 〈v(0)〉, (58)
here the Mi’s are microstructure tensors defined as (no sum-
ation on the indices i):

i = ei ⊗ ei, i = I, II, III, (59)
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nd where the scalar rheological functions ϕi may depend on
he studied microstructure, the rheology of the flowing fluid and
n the following velocity invariants, here written in a tensorial
rame-independent form:

i =
√

〈v(0)〉 · Mi · 〈v(0)〉, i = I, II, III. (60)

or example, when the macroscopic velocity field 〈v(0)〉 is
xpressed in the principal reference frame (eI, eII, eIII), the
nvariant Vi corresponds to the absolute value of the principal
elocity component, i.e. to |〈v(0)

i 〉|. Therefrom, by accounting
or (57) and (58) the general form of the macroscopic perme-
tion law through orthotropic porous media can be put in the
orm

= − α

l2c
ηveq

(
1

VI

∂veq

∂VV
MI + 1

VII

∂veq

∂VII
MII + 1

VIII

∂veq

∂VIII
MIII

)

·〈v(0)〉, (61)

n which veq depends on the three velocity invariants (60) and
here η = η(αveq/lc).

.2.2. Expression for veq

When the flowing fluid is Newtonian (η = η0) the last rela-
ion, when combined with the momentum balance (42), must
ead to the Darcy’s law

p(0) = −η0

(
1

kI
MI + 1

kII
MII + 1

kIII
MIII

)
· 〈v(0)〉, (62)

here the ki’s are the principal values of the permeability tensor.
hey are constant. This results in the following constraint for the
quivalent velocity veq:

veq

Vi

∂veq

∂Vi

= cst, i = I,II,II, no summation (63)

herefore, veq may be put in the following quadratic form

2
eq = V 2

I +
(

VII

A

)2

+
(

VIII

B

)2

, (64)

p to an arbitrary multiplicative constant (here we set it to 1).
he strictly positive and constant constitutive parameters A and
depend on the microstructure. They are directly connected

o the anisotropy of the flow in the principal directions: for
given macroscopic mechanical dissipation, i.e. for a given

quivalent velocity veq, the macroscopic velocity components

qual 〈v(0)
I 〉eI, (〈v(0)

I 〉/A)eII and (〈v(0)
I 〉/B)eIII in the eI, eII and

III directions, respectively. As a consequence, it follows from
61), (62) and (64) that

I = l2c

α
, kII = (Alc)2

α
, kIII = (Blc)2

α
. (65)

or non-Newtonian fluids, the equivalent velocity veq must fulfil

he two following constraints: (i) it must be convex with respect
o the Vi’s, in order to ensure the convexity of 〈Φ〉, and (ii) it
ust be such that any imposed velocity field 〈v(0)〉 contained in
symmetry plane of normal ei (i ∈ {I,II,II}) results in a viscous
luid Mech. 145 (2007) 15–29 21

rag force f that is also contained in this plane. In other words
no summation on the index i):

i ∈ {I,II,III}, ∂veq

∂Vi

∣∣∣∣
Vi=0

= 0. (66)

ithin such a framework, different forms of veq may be pro-
osed. For example, in order to describe the 2D in-plane flow of
ower-law fluids through orthotropic fibrous media, the follow-
ng 2D form veqa was proposed [13]:

ma
eqa = Vma

I +
(

VII

A

)ma

. (67)

his expression of veq introduces two additional constitutive
arameters ma and A. The form that is proposed here for 3D
ows through orthotropic porous media is

m
eq = vm

eqa + vm
eqb, (68)

here

ma
eqa = Vma

I +
(

VII

A

)ma

, veqb = VIII

B
,

= mbV
2
I + mcV

2
II

V 2
I + V 2

II

. (69)

uch a proposition involves five constitutive parameters A, B,
a, mb and mc that may depend on the microstructure of the

orous medium and on the rheology of the flowing fluid. In order
o ensure the convexity of 〈Φ〉, ma, mb and mc are assumed to
elong to ]1; +∞[. To ensure the linearity of the flow law when
he fluid rheology tends to that of a Newtonian fluid, ma, mb and

c must tend towards 2, in accordance with (64). Notice that
he form of veq given in (68) and (69) reduce to the 2D form
eqa proposed in (67) when the imposed velocity field belongs
o the (eI, eII) plane. Fig. 2 depicts the shapes of the isodissipa-
ion surfaces, i.e. the equivalent velocity surfaces in the velocity
nvariant space, for particular values of ma, mb, mc, A and B. This
gure also shows that A and B characterize the anisotropy of the
urfaces veq, whereas ma, mb and mc control their curvatures.
sing (68) and (69) yields:

∂veq

∂VI
= m,VI

m
veq

((
veqb

veq

)m

ln veqb +
(

veqa

veq

)m

×
(

ln veqa + m

m,VI

Vma−1
I

vma
eqa

)
− ln veq

)
,

∂veq

∂VII
= m,VII

m
veq

((
veqb

veq

)m

ln veqb +
(

veqa

veq

)m

×
(

ln veqa + m

Amam,VII

Vma−1
II

vma
eqa

)
− ln veq

)
,

∂veq

∂VIII
= 1

Bm

(
VIII

veq

)m−1

, (70)
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m
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i

ig. 2. Possible shapes of isopotential surfaces veq plotted in the (VI, VII, VII

a = mb = mc → 1 (a), ma = mb = mc = 2 (b) and ma = mb = mc → ∞ (c
→ ∞ (f). (g): Isotropy, veq is given by (80) and reduces to the Euclidian nor

here

,VI = ∂m

∂VI
= 2(mb − mc)VIV

2
II

(V 2
I + V 2

II)
2 ,

2

,VII = ∂m

∂VII
= 2(mc − mb)VI VII

(V 2
I + V 2

II)
2 . (71)

ence, the viscous drag force f can now be estimated from (61),
hen the values of lc, α, A, B, ma, mb and mc are given.

f

w

M

ce. Orthotropy, veq is given by (68) with A = 2 and B = 3 (arbitrary units):
nsverse isotropy, veq is given by (76) with B = 3: m → 1 (d), m = 2 (e) and

.3. Transversely isotropic porous media

When the considered porous medium displays transverse
sotropy, which axis is for example eIII, f takes the form:

= −(ϕM + ϕIIIMIII) · 〈v(0)〉, (72)
here

= MI + MII, (73)
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The physical meaning of 〈Φ〉 and 〈Φc〉 is illustrated in the graph
of Fig. 3. The bold curve plotted in this graph is a possible
evolution of the constitutive relation (55). The area below the
curve equals the dissipation potential 〈Φ〉. The area above the
L. Orgéas et al. / J. Non-Newto

nd where the scalar rheological functions ϕ and ϕIII depend on
III and

=
√

〈v(0)〉 · M · 〈v(0)〉 =
√

V 2
I + V 2

II. (74)

general form of the macroscopic permeation law through
ransversely isotropic porous media is

= − α

l2c
η

(
veq

V

∂veq

∂V
M + veq

VIII

∂veq

∂VIII
MIII

)
· 〈v(0)〉. (75)

n which veq depends on V and VIII and where η = η(αveq/lc).
he following form of veq:

m
eq = Vm +

(
VIII

B

)m

(76)

s proposed to complete the macroscopic model. As previously,
he parameter m belongs to ]1; +∞[. The various possible and
dmissible shapes of isodissipation surfaces (76) are sketched
n Fig. 2, and the macroscopic flow law becomes

= − α

l2c
η

((
V

veq

)m−2

M + 1

Bm

(
VIII

veq

)m−2

MIII

)
· 〈v(0)〉.

(77)

here η = η(αveq/lc). When the fluid is Newtonian, m = 2 and
77) becomes

= −η0

(
1

k⊥
M + 1

k‖
MIII

)
· 〈v(0)〉, (78)

here the principal transverse k⊥ and on-axis k‖ permeabilities
re expressed as

⊥ = l2c

α
, k‖ = (Blc)2

α
. (79)

.4. Isotropic porous media

When the considered porous media have no preferred direc-
ion, the permeation law is isotropic, i.e. it is invariant to any
iven rotation of the macroscopic flow with respect to the porous
edium. In this case, veq simply reduces to the Euclidian norm

see Fig. 2):

eq = ‖〈v(0)〉‖, (80)

nd the permeation law (57) can now be written as

= − α

l2c
η〈v(0)〉 with η = η

(
α‖〈v(0)〉‖

lc

)
. (81)

f the fluid is Newtonian, the last relation as well as the momen-
um balance equation (42) yield to the well-known isotropic
arcy’s law:
p(0) = −η0

k
〈v(0)〉, (82)

here k = l2c/α is the permeability of the considered porous
edium.

F
f

p
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.5. Reverse form of the macroscopic flow law

For practical reasons, it may be more convenient to express
he macroscopic permeation law (49) in a reverse form, i.e.
v(0)〉 = 〈v(0)〉(f). As a matter of fact, by accounting for (42),
.e. f = ∇p(0), it is then possible to introduce this reverse form
n (40). This leads to a well-posed non-linear boundary values
roblem at the macroscale in terms of p(0)only, when providing
proper set of associated boundary conditions. For that pur-

ose, we introduce the complementary volumetric dissipation
otential 〈Φc〉(f) with the following Legendre transform [36]:

Φc〉(f) = max〈v〉{−f · 〈v〉 − 〈Φ〉(〈v〉)}. (83)

he convexity of 〈Φ〉 shows then that relation (83) is equivalent
o

Φc〉(f) = −f · 〈v(0)〉 − 〈Φ〉(〈v(0)〉) = 〈Pdis〉 − 〈Φ〉(〈v(0)〉)
(84)

herewith, it is concluded that the reverse form of (49) is

v(0)〉 = −∂〈Φc〉
∂f

. (85)

he macroscopic velocity 〈v(0)〉 is then the gradient of 〈Φc〉 with
espect to f. Adopting a reasoning similar to that introduced in
ection 4.1, it is possible to express (85) as

v(0)〉 = −veq
∂feq

∂f
, (86)

hich represents the reverse form of (57) with

eq = ∂〈Φc〉
∂feq

. (87)
ig. 3. Schematic graph showing the evolution of the equivalent viscous force

eq as a function of the equivalent velocity veq. This graph also illustrates the
hysical meaning of 〈Φ〉 and 〈Φc.〉
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urve equals the dissipation potential 〈Φc〉. The sum of these two
reas equals the mechanical dissipation 〈Pdis〉, in accordance
ith (52) and (84).
By returning to (86) and by adopting a reasoning identical to

hat conducted in the three previous subsections, the following
xpressions of feq are proposed:

Orthotropic porous media

fm′
eq = fm′

eqa + fm′
eqb, (88)

with

f
m′

a
eqa = F

m′
a

I +
(

FII

A′

)m′
a

, feqb = FIII

B′ ,

m′ = m′
bF

2
I + m′

cF
2
II

F2
I + F2

II

. (89)

Transversely isotropic porous media

fm′
eq = Fm′ +

(
FIII

B′

)m′

. (90)

Isotropic porous media

feq = ‖f‖. (91)

In relations (88)–(90) we have noted

i =
√

f · Mi · f, i = I,II,II, (92)

nd

=
√

F2
I + F2

II. (93)

onsidering on-axis flows, it can be easily shown that A′ = 1/A

nd B′ = 1/B. For transverse isotropy, it is also possible to show
ithout major difficulty that m′ = m/(m − 1). For orthotropy

nd if m′
b = m′

c, one obtains m′
a = ma/(ma − 1), and m′

b =
b/(mb − 1). For general orthotropy, it can be shown that m′

a =
a/(ma − 1), m′

b = mb/(mb − 1) and m′
c = mc/(mc − 1) when

he flow is contained in (eI, eII), (eI, eIII) and (eII, eIII) planes,
espectively. For other types of flow, we have shown from numer-
cal simulations that the last relations could still be considered
s valid, at least for the considered orthotropic microstructures
see next section).

. Illustration

In order to illustrate the theoretical developments of the previ-
us sections, the flow a generalised Newtonian fluid through an
lementary periodic orthotropic fibrous medium (Section 5.1) is

tudied from numerical simulations. Hence, the associated REV
s subjected to a macroscopic pressure gradient ∇p(0) and the
ocal velocity field v(0) is computed from the self-equilibrium of
he REV (Section 5.2). This allows to identify the constitutive
arameters α, lc, A, B, ma, mb and mc of the proposed orthotropic
acroscopic flow law (61), (68)(Section 5.3).

n
o
a
s
n
E

luid Mech. 145 (2007) 15–29

.1. Studied fluid and microstructures

The considered fluid is a Carreau–Yasuda fluid [30,31], which
hear viscosity is expressed as

= η∞ + (η0 − η∞)

(
1 +

(
γ̇eq

γ̇0

)ac
)n−1/ac

, (94)

nvolving five constitutive parameters, i.e. η0, η∞, γ̇0, n and ac
e have set here arbitrarily to 1 Pa s, 0 Pa s, 1 s−1, 0.2 and 2,

espectively. The Carreau–Yasuda fluid was here chosen because
t is often used to model the steady state shear rheology of poly-

eric solutions. By putting n = 1 and γ̇0 = τ0/(η0 − η∞) in
94), also notice that this model can also be well suited as a
egularised version of the Bingham model, in a way similar
o the bi-viscosity model (with a yield shear stress τ0, an ini-
ial viscosity η0 and an infinite viscosity η∞ such as η0 � η∞)
32,33,4].

This fluid is flowing across a square array of infinite and
arallel fibres with elliptical cross-section. A scheme of the REV
s given in Fig. 4. Even if it is very simple, the chosen REV may
e rather closed to that of some unidirectional fibre-bundle mats
sed in polymer composites [37]. It exhibits orthotropy, since it
as three orthogonal symmetry planes which unit normals are
I, eII and eIII. The principal normal vectors eI, eII and eIII are
upposed to be aligned with the vectors of the reference frame
1, e2 and e3 directions, respectively. The dimensions of the REV
re hI, hII in the eI and eII, respectively. Similarly, the major and
inor axis of the cross section of the fibre are noted aI and

II (see Fig. 4). The aspect ratios of the cross sections of both
he REV and the fibre are identical, i.e. hII/hI = aII/aI = r. In
his example, we have set hI = 1m and r = 0.5. Moreover, the
olume fraction of fibre c = πa2

I /h2
I was arbitrarily set to 0.6.

.2. Fluid flow computation at the pore scale

To evaluate the constitutive parameters of the macroscopic
ow law, it is first necessary to determine the local velocity field
(0) in the whole REV. As shown in Section 3.2, this can be
chieved by solving numerically the dimensional form of the
elf-equilibrium of the REV (31a), (31c), (32c):

∇v(0) = 0 in Ωl

∇p(0) + ∇εp(1) = 2∇(D(0) + (1 + (γ̇ (0)
eq )

2
)
−0.4

D(0)) in Ωl

v(0) = 0 on Γ
(95)

here the macroscopic pressure gradient ∇p(0) is given on the
ntire REV and where the unknowns v(0) and εp(1) are periodic.
otice that the symmetries of the considered REV, fluid and

oadings, are such that the previous boundary value problem does
ot depend on the space variable X3. Therefore, the calculation
f the four unknowns v

(0)
1 (X1, X2), v

(0)
2 (X1, X2), v

(0)
3 (X1, X2)
nd εp(1)(X1, X2) can be carried out in the 2D space (eI, eII),
o reducing considerably the computation time. Practically, this
on-linear boundary values problem was solved using the Finite
lement software Comsol®[38] with a mixed pressure–velocity
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Fig. 4. Scheme of the Representative Elementary Volume of the considered microstr
resulting macroscopic velocity field 〈v(0)〉 (b).
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Fig. 5. 2D FE mesh used to run simulations.

P1–P2) formulation. Fine triangular finite elements were used
o mesh the geometry, as depicted in Fig. 5. In order to validate
he numerical procedure implemented in Comsol®, at least in the
ase of the transverse flows of Newtonian and power-law fluids
hrough this type of REV, we have systematically compared our
umerical results to previous ones [10,13]. Thereby, the REV is
ubjected to a macroscopic pressure gradient ∇p(0) of intensity

enoted ‖∇p(0)‖ and such that (Fig. 6):

p(0) =−‖∇p(0)‖(sin ϕf cos θfeI+sin ϕf sin θfeII+cos ϕfeIII).

(96)

u
A
d
t

ig. 6. Example of results—the imposed macroscopic gradient is along the vertical a
eld ‖v(0)‖, the linear gray scale ranges from 0 m s−1 (black) to 0.0114 m s−1 (whi
rom 0 s−1 (black) to 0.155 s−1 (white).
ucture. Dimensions (a), form of the imposed macroscopic gradient ∇p(0) and

he corresponding macroscopic velocity 〈v(0)〉 is written
s

v(0)〉 = ‖〈v(0)〉‖(sin ϕv cos θveI + sin ϕv sin θveII + cos ϕveIII),

(97)

here the angles θf, θv, ϕf and ϕv are defined in Fig. 4. An
xample of calculation is plotted in Fig. 7, for which a unit
acroscopic gradient is imposed along the vertical axis, i.e.
p(0) = −eIII (Pa m−1) (ϕf = 0).

.3. Numerical results

.3.1. On-axis flows: determination of α, lc, A and B
In relations (61), (68)–(70), α and lc characterise on-axis

ows along the eI direction. In the case of the particular studied
icrostructure, it is possible to express α as a function of lc by
sing a mass balance, i.e. 2lcvc = rlveq ⇔ α = rl/2lc = 1/4lc.
s a consequence, during permeations along the eI, eII and eIII
irections, the principal drag forces fI, fII and fIII are respec-
ively linked to the principal velocities 〈v(0)〉I, 〈v(0)〉II and 〈v(0)〉III

xis, i.e. ∇p(0) = −eIII (Pa m−1). (a) Corresponding norm of the local velocity
te). (b) Corresponding local shear strain rate γ̇

(0)
eq , the linear gray scale ranges
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Fig. 7. On-axis flows: (a) Evolution of the imposed macroscopic on-axis pressure gradient p(0)
,i ei (i = I, II, III, no summation) as a function of the on-axis macroscopic
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• numerical simulations were performed with various val-
ues of (θf, ϕf) : ϕf = 0 and 0 ≤ θf ≤ π/2, θf = 0 and 0 ≤
ϕf ≤ π/2, θf = π/4 and 0 ≤ ϕf ≤ π/2, θf = π/2 and 0 ≤

Table 1
Constant parameters used in Eq. (99) to fit the evolutions of lc, A, B, ma, mb and
mc with veq.

ξ ± ξ̄ �ξ ηξ vξ(m s−1)

lc + 0.037 m 0.0032 m 0.0032 m 0.003
A − 1.63 0.125 0.13 0.0043
elocity field 〈v(0)
i 〉ei (i = I, II, III, no summation). Marks represent the simulat

∗
c = lc/tII, A and B with the equivalent velocity veq. Marks represent the simul

y

I = −
⎛
⎝1 +

(
|〈v(0)

I 〉|
4l2c

)2
⎞
⎠

−0.4
〈v(0)

II 〉
4l3c

,

II = −
⎛
⎝1 +

(
|〈v(0)

II 〉|
4Al2c

)2
⎞
⎠

−0.4
〈v(0)

II 〉
4A2l3c

,

III = −
⎛
⎝1 +

(
|〈v(0)

III 〉|
4Bl2c

)2
⎞
⎠

−0.4
〈v(0)

III 〉
4B2l3c

. (98)

herefore, lc, A and B can be determined from the knowledge
f permations performed along the principal directions of the
icrostructure. This is illustrated in Fig. 7. Marks plotted in
ig. 7(a) of this figure show the evolution of the imposed on-
xis pressure gradients p

(0)
,i ei (i = I, II, II, no summation) as a

unction of the simulated on-axis macroscopic velocity fields
v

(0)
i 〉ei (i = I, II, III, no summation). For the three on-axis flows,
acroscopic pressure gradients follows a “Carreau–Yasuda-

ike” evolution, in accordance with (98). This graph also clearly
eveals the anisotropy of the flow law, as the three curves are
ar from being superimposed. The graph (b) in Fig. 7 shows the
volution of l∗c = lc/tII, A and B (deduced from these numeri-
al results and (98)) as functions of veq, where tII is defined as
alf the gap between two neighbouring fibres (see Fig. 4). These
alues display two constant zones, during which the fluid can
e considered as a Newtonian fluid and as a power-law fluid
n = 0.2), respectively. The two constant zones are linked by a
ransition zone which occurs more or less at an equivalent veloc-

ty veq ≈ 4l̄2c , where l̄c ≈ 0.037 m is defined as (lcmax + lcmin)/2
see Fig. 7(b)). Results also show that A and B tends to dimin-
sh as veq increases: for instance, B ≈ 3.5 and A ≈ 1.75 in the
ewtonian zone, whereas B ≈ 2.48 and A ≈ 1.51 in the power-

B
m

m

m

ults. Continuous lines are prediction (98) combined with (99). (b) Evolution of
sults. Continuous lines are prediction (99).

aw one. Moreover, one can notice that lc is of the same order of
agitude as tII, as already pointed out in earlier studies [9,13].
astly, we have fitted the evolution of lc, A and B using the

ollowing expression:

= ξ̄ ± �ξ tanh

(
ηξ

�ξ
ln

veq

vξ

)
(99)

here ξ equals lc, A and B, respectively, and where the values
f the constants ξ̄, �ξ, ηξ and vξ are reported in Table 1. Also
hown by the continuous lines plotted in Fig. 7 b, such fits fairly
ell reproduce the variations of lc, A and B and allow a good
odelling of our numerical on-axis (see the continuous lines

lotted in Fig. 7a).

.3.2. Off-axis flows: determination of ma, mb and mc

To estimate ma, mb and mc, isodissipation surfaces veq(P0),
r feq(P0), both corresponding to given values P0 of the macro-
copic mechanical dissipation 〈Pdis〉, were first determined from
umerical results and plotted in the velocity space (VI, VII, VIII),
r in the viscous drag force space (FI, FII, FIII). For that purpose:
− 2.97 0.5 0.5 0.0031

a − 1.67 0.33 0.24 0.0037

b − 1.75 0.25 0.22 0.004

c − 1.84 0.16 0.09 0.01
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ϕf ≤ π/2, ϕf = π/2 − θf/2 and 0 ≤ θf ≤ π/2, ϕf = π/4 +
θf/2 and 0 ≤ θf ≤ π/2.
for given values of (θf, ϕf), the norm ‖∇p(0)‖ of the imposed
macroscopic pressure gradient was adjusted so that the simu-

lated dissipation ∇p(0) · v(0) equals the prescribed dissipation
P0: this was achieved with an elementary dichotomy which
was found to converge quite quickly (≈ 10 iterations for a
relative precision of 0.1%).

t
m

b
n

ig. 8. Numerical (stars) and fitted (continuous surfaces) isodissipation surfaces v

nd (FI, FII, FIII) invariant spaces. The surfaces have been determined for P0 = 1

eq = 5.58 × 10−3 m s−1 (c and d), and P0 = 101 W m−3 or veq = 2.02 × 10−1 m
luid Mech. 145 (2007) 15–29 27

The as-determined numerical isodissipation surfaces veq(P0)
nd feq(P0) were respectively fitted with (68) and (88), where
he parameters A = 1/A′ and B = 1/B′ have been already deter-
ined (see previous section). From these fits, it was first found
hat the equalities m′
a = ma/(ma − 1), m′

b = mb/(mb − 1) and
′
c = mc/(mc − 1) are valid. Moreover, as shown in Fig. 8, the

est fits of (68) and (88) allow a rather good description of our
umerical results, in the Newtonian (Fig. 8(a) and (b)), transition

eq (a, c and e) and feq (b, d and f), respectively plotted in the (VI, VII, VIII)
0−4 W m−3 or veq = 1.256 × 10−4 m s−1 (a and b), P0 = 10−1 W m−3 or
s−1 (e and f).
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ig. 9. Evolution of ma, mb and mc with the equivalent velocity veq. Marks have
een determined from the best fits of isodissipation surfaces. Continuous lines
re the prediction of the best fits of (99).

Fig. 8(c) and (d)) or power-law (Fig. 8(e) and (f)) regimes, even
f the fits are less satisfactory in this last regime. Fig. 9 shows
he evolutions as functions of veq of the constitutive parame-
ers ma, mb and mc deduced from isodissipation surfaces. As
or lc, A and B, the parameters ma, mb and mc are constant in
he Newtonian and power-law regimes. Once again, they have
een adjusted by using relation (99): as shown from Fig. 9, a
airly good fit of these values is obtained (see Table 1 for the
orresponding parameters).

. Concluding remarks

In this work, the homogenisation method with multiple scale
xpansions was used to study the flow of incompressible gen-
ralised Newtonian fluids through porous media at low pore
eynolds numbers. The following points summarize the princi-
al results of this study:

A first-order equivalent macroscopic description was obtained
from theoretical developments without any prerequisite at
the macroscale: the resulting macroscopic flow is divergence
free, and its momentum equilibrium is a balance between the
macroscopic pressure gradient and a macroscopic volumetric
viscous drag force characterizing the local fluid resistance.
The viscous stress tensor of fluids under consideration can be
expressed as the gradient of a viscous dissipation potential
with respect to the local strain rate tensor. Whatever the con-

sidered porous medium, it was shown that such a property was
preserved at the macroscale. Indeed, the macroscopic volu-
metric viscous drag force can be written as the gradient of
the volume averaged local viscous dissipation potential, with
respect to the volume averaged velocity field.

[

luid Mech. 145 (2007) 15–29

This last property facilitates the formulation and the iden-
tification of macroscopic flow laws: this can be achieved
by studying the evolution and the shape of isodissipations
surfaces. Isodissipation surfaces can be built from perme-
ation experiments by imposing to a given porous medium
macrosopic pressure gradients (or macroscopic flows) with
different orientations. They can also be identified from numer-
ical simulation, as done in this work in the example of a 3D
fibrous medium, by solving the self-equilibrium ((31a, 31c,
32c)) on a REV of this particular porous medium.
Using the theory of anisotropic tensors functions, the general
expressions of the macroscopic flow laws have then been fur-
ther specified in cases of orthoropy, transverse isotropy and
isotropy. Analytical phenomenological forms were also pro-
posed to model isodissipation surfaces for such anisotropies,
requiring a small number of additional constitutive parame-
ters. Let us remark that other analytical expressions of veq (or
feq) may be established, if necessary.
In the case of the 3D orthotropic fibrous medium studied
in this work, it was shown that (i) the proposed expres-
sions fit numerical isodissipation surfaces rather well and (ii)
most of the additional constitutive parameters could be linked
with the microstructure, except the curvature parameters ma,
mb and mc, for which it was not possible to establish such
correlations.

Efforts are now focusing on testing the capability of the pro-
osed methodology to model the flow of generalised Newtonian
uids through more complex anisotropic porous media, such
s woven fabrics and fibrous mats often involved in polymer
omposites.
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L. Orgéas et al. / J. Non-Newto

11] P.D.M. Spelt, T. Selerland, C.J. Lawrence, P.D. Lee, ‘Flows of inelastic
non-Newtonian fluids through arrays of aligned cylinders. Part 1. Creeping
flows’, J. Eng. Math. 51 (2005) 57–80.

12] P.D.M. Spelt, T. Selerland, C.J. Lawrence, P.D. Lee, Flows of inelastic
non-Newtonian fluids through arrays of aligned cylinders. Part 2. Inertial
effects for square arrays, J. Eng. Math. 51 (2005) 81–97.
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