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Due to the use of new technologies and innovative materials in civil engineering (reinforcement, recycled
or natural materials), the design of geotechnical earth structures has become more complex, involving
improvements to existing numerical models in order to consider the specific mechanical behaviours of
each component in the structure. In this article, we focus on a new numerical model dedicated to earth
structures reinforced with geosynthetic sheets, based on coupling the finite element method (FEM) and
the discrete element method (DEM). The numerical model proposed takes the tensile and membrane
behaviours of the geosynthetic into account by the FEM, and the interface friction between soil and geo-
synthetic and granular soil behaviour under large displacements by the DEM. The model used to describe
the membrane and the tensile behaviours of the geosynthetic sheet is presented, and the basic assump-
tions of the discrete element method are then set out. Particular attention was paid to the description of
the geometrical and micro-mechanical parameters of the discrete particle assemblies needed to repro-
duce realistic behaviour of granular soils. The aim of this article is to model the interaction between
the geosynthetic sheet and the particles of soil, so the numerical coupling of FEM–DEM is described in
detail; in particular, a specific contact law relating to the friction behaviour of the composite soil–
geosynthetic is proposed. To show the interest of the numerical developments in modelling reinforced
earth structures, an application is provided for embankments, reinforced at their base by a geosynthetic
and built on areas subject to potential sinkholes. The numerical results of the FEM–DEM coupling are
compared to those of true-scale instrumented experiments and of an analytical design method. The qual-
itative and quantitative comparisons of strains and tensile forces acting on the geosynthetic sheet make it
possible to validate the numerical model suggested.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

In many countries, the development of new road and railway
infrastructures requires the use of geological areas characterized
by weak or heterogeneous mechanical properties, for economic
and technical reasons. In such cases, reinforcement techniques
(piles, geosynthetics, nails, etc.) are to be implemented to ensure
the stability and longevity of the structures. Due to the use of sev-
eral components with different rigidity and to the complexity of
interaction mechanisms, designing these composite structures
has become increasingly difficult. The use of a numerical model
is therefore necessary to take into account the behaviour of each
component in the structure and the interaction between them.

Among the usual techniques used, the reinforcement of earth
structures by geosynthetic sheets is currently widespread because
it saves time and has a moderate cost. In order to improve the
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behaviour of this kind of structure, we propose a new numerical
approach for the modelling of geosynthetic-reinforced earth struc-
tures which can take the behaviour of each material (granular soil
and geosynthetic sheet) and their interaction into account accu-
rately. A mixed method was proposed based on coupling the finite
and discrete element methods. Application to the reinforcement of
rail and road bedding layers, by underlying geosynthetic sheets in
areas prone to local subsidence, was performed in order to illus-
trate the interest of the numerical model proposed. Where the
ground was subsiding, a geosynthetic reinforcement layer was
placed at the base of road and rail embankments. The aim of this
reinforcement was to alert operators that a sinkhole was beginning
to form and to limit surface subsidence to permissible values so as
to allow traffic circulation and the safety of users until backfilling
and repair works on the fill material could be implemented.

When sinkholes appear, these structures are subject to large
deformations that induce a change in the orientation of forces
within the granular material (arching effect or transfer of load).
So only part of the force (tensile stress) applied to the structure
is transferred to the geosynthetic sheet placed over the cavity.
nite and discrete element methods for the modelling ..., Comput
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Nomenclature

Ce expansion coefficient of granular soil embankment (–)
D diameter of soil particles (m)
E0 macroscopic tangential stiffness modulus at the inter-

face (N/m3)
E microscopic tangential stiffness modulus at the inter-

face (N/m3)
e thickness of the geosynthetic sheet (m)
f maximum vertical displacement of the geosynthetic

sheet (m)
F forces acting on the nodes of a triangular finite element

(N)
Fu corrective vector force coefficients of a triangular finite

element (N/m)
H granular soil embankment thickness (m)
J geosynthetic stiffness (N/m)
kn normal stiffness of discrete element contact (N/m)
kni normal interface stiffness between finite and discrete

elements (N/m)
kt shear stiffness of discrete element contact (N/m)
kti shear interface stiffness between finite and discrete ele-

ment (N/m)
Ku coefficients of the elementary matrix of rigidity of a tri-

angular finite element (N/m)
L cavity width (m)
LGl length of the sheet from the left end to the middle of the

cavity (m)
LGd length of the sheet from the right end to the middle of

the cavity (m)
Pr relative porosity (–)
q vertical load acting over the cavity (N/m)
q0 vertical load acting on anchorage areas (N/m2)
t time step of the centred finite difference algorithm (s)
S influence area of the contact (m2)
T tension in the geosynthetic sheet (N/m)
Tmax maximal tensile force acting on the geosynthetic sheet

(N/m)

u nodal displacements of a triangular finite element (m)
U0 relative displacement from which the friction mobiliza-

tion becomes maximum (m)
Un normal overlap between finite and discrete elements

(m)
Ut tangential overlap between finite and discrete elements

(m)
V volume of a sample of soil under triaxial test (m3)
d interface friction angle (�)
dlower lower interface friction angle between subsoil and geo-

synthetic (�)
dupper upper interface friction angle between granular soil and

geosynthetic (�)
e sheet strain of the geosynthetic sheet (–)
e1 axial strain of a sample of soil under triaxial test (–)
/ internal friction angle of granular fill soil (�)
c unit weight of granular fill soil (N/m3)
g initial porosity of particles soil assembly (–)
gmax maximal porosity of particles soil assembly (–)
gmin minimal porosity of particles soil assembly (–)
l microscopic friction angle of discrete element contact

(�)
r tensile stress supported by a set of fibres o the geosyn-

thetic sheet (N/m2)
r1 compressive pressure of a sample of soil under triaxial

test (N/m2)
r3 confine pressure of a sample of soil under triaxial test

(N/m2)
rn normal stress applied on the interface (N/m2)
s friction stress at the interface between soil and geosyn-

thetic (N/m2)
smax maximum friction stress at the interface between soil

and geosynthetic (N/m2)

2 P. Villard et al. / Computers and Geotechnics xxx (2009) xxx–xxx

ARTICLE IN PRESS
On both sides of the cavity the tensile forces acting on the geosyn-
thetic are balanced by frictional forces.

Not all these complex mechanisms are taken into account cor-
rectly in the design analytical methods currently used in engineer-
ing. Surface settlement and the stresses acting on the geosynthetic
are not properly evaluated.

The originality of the numerical model presented in this article
consists in a coupling between the finite element model used for
the geosynthetic sheet and the discrete element methods used to
describe the behaviour of granular soil. The finite element model
describes the fibrous structure and the directions of reinforcement
of the geosynthetic sheet by means of a specific matrix of rigidity.
The membrane and tensile behaviour of the sheet can easily be re-
stored (no bending or compression in fibres). The granular soil is
modelled by a set of particles which can move more or less easily
depending on the type of stress applied. This method allows natu-
rally large displacement and makes it possible to take into account
complex mechanisms such as rolling, expansion, transfer of load,
arching effect and collapses. Special attention is paid to the inter-
actions by friction between the FEM and the DEM by means of spe-
cific contact laws.

2. The numerical model

The numerical approach chosen to allow the coupling between
the discrete and finite element methods consists in including the
Please cite this article in press as: Villard P et al., Coupling between fi
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specific finite elements characteristic of the geosynthetic sheet in
a 3D discrete element code (S.D.E.C. for spherical discrete element
code) [13,14]. The behaviour of the finite elements is governed, in
the same way as the discrete elements, by Newton’s law of motion.
The interaction between the two kinds of elements is defined by
specific contact laws at each contact point.

2.1. The finite element model

The finite elements used to model the behaviour of the geosyn-
thetic sheet are triple-node triangular elements [28] taking into ac-
count the fibrous structure of the geosynthetic (knitted, woven or
non-woven geosynthetic, reinforced or not in particular directions)
through the fibre orientation distribution density. These elements
allow us to describe the tensile and membrane behaviour of the
sheet under large deformation (due to their constitution, geosyn-
thetic sheets have no bending and no compressive rigidities). The
numerical model was validated by comparison with analytical
solutions of the membrane effect obtained in simple cases [28]
and with experimental results of laboratory tests or full-scale
experiments [29,21].

The fundamental assumptions made to establish the behaviour
of a three-node element are:

� Each element consists of a set of fibres with various orientations,
initially forming a plan,
nite and discrete element methods for the modelling ..., Comput
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� There is no slipping between the fibres (presence of connection
points between wires). Consequently the behaviour of a fibre
network is obtained by superposition of behaviours obtained
in each fibre direction.

� The tensile forces acting in each fibre are oriented in the direc-
tion of this fibre after deformation (large displacements).

� The mechanical behaviour of the fibre is non-linear elastic.
� The compression elastic modulus is very weak compared with

the tensile elastic modulus (no compression in fibres).
� There are no bending stresses.

For each three-node element, an elementary relation between
the nodal displacements and the external forces applied to the ele-
ment can be written:

f~Fg ¼ ½Ku�f~ug þ f~Fug ð1Þ

f~Fg are the forces acting on the nodes of an element, f~ug the nodal
displacements of the element, (Ku) the elementary matrix of rigidity
depending on the final position of the three nodes, and f~Fug a cor-
rective vector force resulting from the large displacement formula-
tion. This basic relation [28,29], characteristic of the mechanical
behaviour of a triangular finite element, is used in the iterative pro-
cess of calculation included in the coupling code.
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Fig. 1. Numerical results of triaxial tests: deviator stress versus axial strain.
2.2. The discrete element model

The discrete element model used is based on the molecular
dynamics approach first developed by Cundall and Strack [11].
The DEM assumes a set of particles interacting at contact points,
making it possible to describe the behaviour of granular soils under
large deformations (shear banding, crushing or overall rotation).
The discrete element software used for this study is a three-dimen-
sional code [13] using spherical particles which can be joined to-
gether to make clusters of various shapes. The general algorithm
of calculation used consists in successively alternating the applica-
tion of Newton’s second law of motion to the particles and force–
displacement laws to the contacts. The motion equations are inte-
grated using an explicit centred finite difference algorithm involv-
ing a time step Dt.

Interaction laws, defined for a local scale, make it possible to
reproduce the global macroscopic behaviour of the particle assem-
bly. Elastic behaviour depends on two local contact parameters:
normal stiffness kn and shear stiffness kt. For granular materials,
a frictional contact failure criterion based on the elastic perfectly
plastic model proposed by Cundall and Strack [11] is defined using
a microscopic friction angle l.

The set of micro-mechanical parameters (kn, ktn and l) and geo-
metrical parameters (particle size distribution, particle shapes and
porosity of the assembly) influences the macro-mechanical proper-
ties of the granular matter. For numerical modelling of true-scale
structures, the aim is not to reproduce the real grain morphology,
particle size distribution or particle number, as this would imply a
prohibitive calculation period. However, for a simplified geometry
(particle shape and particle size distribution), we focused on the
determination of micro-mechanical parameters giving macro-
mechanical characteristics analogous to real geomaterials like soils
(in dense or loose states).

In order to build numerical particle assemblies with different
porosity, the particles were set up using the radius expansion with
decrease of friction process (REDF) [10]. This methodology allows
homogeneous and isotropic particle assemblies to be built.

The function that connects the micro-mechanical and physical
parameters to the macro-mechanical characteristics of assemblies
is very complex and for the most part undetermined, mainly be-
cause of the multiple parameters involved. Generally, clumps of
Please cite this article in press as: Villard P et al., Coupling between fi
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spheres (referred to as ‘‘clusters”) are preferred to single spheres
in order to obtain realistic behaviour of the granular materials
(due to an excessive rolling between the particles, spherical parti-
cles assemblies lead to lower global failure parameters).

Numerical simulations of triaxial tests performed by means of
‘‘clusters” made of three or four particles have shown the ability
of Discrete Element Modelling to reproduce the behaviour of
geomaterials reliably [24]. For example, for a given particle shape
and a given set of micro-mechanical parameters, it is possible to
describe the influence of the density of an assembly on the re-
sponse to a triaxial test, like for actual geomaterials [24].

In the case of the present study, the micro-mechanical parame-
ters were set in order to obtain shear strengths of the numerical
assembly (quantified by the peak and residual friction angles) sim-
ilar to those of the actual material. The shear strength of the
numerical assemblies was defined as the response of fictional tri-
axial tests made on the elementary representative volume of par-
ticles. In order to show the analogy between the response of a
numerical particle assembly and a real geomaterial, numerical tri-
axial tests were performed with a set of micro-mechanical param-
eters (kn, kt and l), for several porosities and a constant confining
pressure of 10 kPa:

� The minimal porosity (gmin = 0.305) was obtained using the
REDF process by taking a microscopic friction angle equal to zero
during the radius expansion phase.

� The maximal porosity (gmax = 0.420) was obtained in the same
way, using a fixed microscopic friction angle equal to l.

� Two relative porosities Pr defined by Eq. (2) were also consid-
ered: Pr = 87% (g = 0.320) and Pr = 35% (g = 0.380).

The numerical samples were made up of 8000 clusters of two
overlapped spheres of diameter D. The maximal length of a cluster
was 1.5 D, with D ranging randomly between two extreme values
defined by a ratio of 1.333.

Pr ¼ ðgmax � gÞ=ðgmax � gminÞ ð2Þ

The numerical results of the triaxial tests are given in Figs. 1 and
2 (deviatoric stress and volumetric stain versus axial strain). In
these figures we note the ability of the discrete element model to
describe the mechanical behaviour of granular materials (critical
state, dilatancy, influence of porosity) very satisfactorily. For the
granular material modelled, the maximal macroscopic friction an-
gle obtained at the peak was 44.8�.

2.3. Interaction between finite and discrete elements

Specific interaction laws are used to describe the interface
behaviour between the soil particles and the triangular finite ele-
nite and discrete element methods for the modelling ..., Comput
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Fig. 2. Numerical results of triaxial tests: volumetric strains versus axial strain.
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ments. The contact parameters are the normal contact stiffness kni

necessary to guarantee no major interpenetration between the fi-
nite and discrete elements, tangential contact stiffness kti and the
interface friction angle d to define the failure criterion. The normal
contact force f~Fng between the finite and discrete elements can be
written by Eq. (3) where f~Ung is the overlap between two
elements:

f~Fng ¼ knif~Ung ð3Þ

We note that the behaviour in friction is independent from the va-
lue of the normal stiffness kni of the contact between the soil and
geosynthetic sheet elements. A large value for kni is considered in
order to guarantee a reduced overlap between the soil and geosyn-
thetic sheet elements.

The tangential contact forces~Ft applied to the finite and discrete
elements are linked to the tangential incremental relative displace-
ment ~Ut by the expression:
U0

τmax = σn tan δτ

U 

τ = σn tan δ UM/U0

UM

Fig. 3. Friction interface criterion.

Particles 

Cylinders 
Sphere

Clump of 2 particles

Fig. 4. Principle of interaction betwe
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dð~FtÞ=dð~UtÞ ¼ kti with j~Ft j 6 j~FnjtgðdÞ ð4Þ

The macroscopic behaviour of contact between soil particles
and geosynthetic sheets is characterized through experimental
laboratory tests (frictional or pull-out tests). A simple law of fric-
tion (Fig. 3) is deduced from these tests connecting the tangential
stress s at the interface to the relative displacement U between soil
particles and the geosynthetic sheet. U0 represents the relative dis-
placement necessary to mobilize the friction fully and E0 the tan-
gential stiffness modulus at the interface (in N/m3) defined by
Eq. (5). rn is the normal stress acting at the interface.

E0 ¼ smax=U0 ð5Þ

with:

smax ¼ rn tan d ð6Þ

U0 depends on the characteristics of the soil/sheet interaction, on
the roughness of the elements in contact, on the rolling of soil par-
ticles and on the value of normal stress rn. U0 does not usually ex-
ceed a few millimetres. d is the macroscopic angle of friction
between the soil and geosynthetic sheet as defined in the numerical
model.

Kti (in N/m) is a microscopic parameter of the tangential contact
between a particle of soil with no rolling and a sheet element sup-
posed to be fixed (no extension possible). With these assumptions,
Kti cannot be directly linked to the macroscopic stiffness modulus
E0 obtained from experimental friction tests: the rolling of soil par-
ticles and the stretching of the sheet element cannot be prevented
in experimental tests. In the numerical model and similarly to the
definition of E0, a microscopic tangential stiffness modulus Eti is de-
fined (in N/m3) by Eq. (7). In the numerical modelling, the value of
Eti considered is much smaller than the value of E0.

Eti ¼ Kti=S ð7Þ

where S represents the influence area of the contact (S = p D2/4 for a
spherical particle with a diameter D).

The geosynthetic sheets are defined by thin triangular elements
of thickness e joined together. To guarantee the regularity and the
continuity of the contact surface during stretching of the sheet be-
tween the triangular elements and the soil particles, cylinders and
spheres of diameter e are positioned respectively at the edges and
on the nodes of each triangular element (Fig. 4). Thanks to the con-
tinuous contact surface, the frictional forces are preserved when a
soil element moves from one sheet element to another.

The response induced by the incremental friction law Eq. (4).
was tested: a spherical particle in contact with a fixed sheet ele-
ment was displaced on an elliptical path. A vertical force kept
the contact persistent. The aim of this modelling was to verify that
the friction effort remained as the soil particle moved from one
sheet element to another, but also to appreciate the influence of
Eti on the macroscopic friction behaviour induced by the selected
of soil

Triangular
finite elements 

Clump of 4 particles

en finite and discrete elements.
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micro-mechanical friction law. Several values of tangential stiff-
ness moduli were tested so that the maximal tangential forces
were obtained for relative displacements of 0.5, 1.25 and 5 mm.

Fig. 5 gives the friction mobilization ratio (s/smax) and the orien-
tation of tangential forces at different contact points (solid lines)
during the displacement of the soil particle on the sheet elements
(dashed line).

We note in Fig. 5 that the greater the tangential stiffness mod-
ulus Eti, the sooner full mobilization of the friction occurs. For a
large value of Eti (U0 = 0.5 mm), the friction forces immediately op-
2 m 2 m

C1 C2
C3 C4

1 m

Fig. 6. Geometry of the reinforced embank
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pose the displacement of the particle because the relative displace-
ment necessary to obtain a maximal tangential stress smax is small
compared to the amplitude of the global trajectory of the soil par-
ticle. Conversely, as Eti decreases, the friction forces between the
soil particle and the sheet element are less and less tangential to
the trajectory of the soil particle. For the smallest value of Eti tested
(U0 = 5 mm), the frictions no longer oppose the displacement of the
particle because the friction threshold is not reached (elastic
behaviour).

The behaviour of the sheet elements is governed by a resolution
algorithm involving a time step Dt, similar to the one used for the
discrete elements. Thus, the displacement of each finite element is
managed by Newton’s second law of motion. Basic relations char-
acteristic of the mechanical behaviour of the triangular elements
[28,29] are used to obtain the contact forces acting between two
jointed finite elements, knowing the stretching and displacement
of each node. At each calculation step, the interacting contact
forces are deduced from the updated overlaps between the sheet
elements and the soil particles. Knowing the contact forces applied
to each element (clusters and sheet elements), Newton’s second
law of motion gives the acceleration, speed and displacements of
each element between two steps of successive times. The new rel-
ative positions of the elements initiate a new calculation step.

3. Comparison between the numerical model, analytical
solution and experimental results of a true-scale experiment

3.1. The true-scale experiment

The true-scale experiment chosen to validate the numerical
model was an instrumented reinforced embankment submitted
to artificial subsidence. This experimental case, reported in detail
by Briançon et al. [5], is an interesting way to test the numerical
model because it involves:

� the behaviour of a granular layer under large displacements
inducing shearing and load transfer mechanisms,

� the interaction between a reinforcement geosynthetic and a
granular soil,

� the sliding and stretching of the geosynthetic sheet in the
anchorage area.

The experimental embankment was 30 m long by 1 m wide in
the instrumented cross section (Fig. 6). It consisted of a granular
layer of a thickness of 0.5 m resting on a geosynthetic sheet rein-
forced in the longitudinal direction. A 2 m long and 1 m wide cav-
ity, filled with two balloons, was first implanted in the subsoil
under the geosynthetic sheet, 2 m from one end of the embank-
ment. The progressive emptying of the balloons then made it pos-
sible to reproduce the subsidence mechanism.

Various laboratory tests were carried out in order to validate
the use of a new technology for strain measurement and to obtain
0.5 

1 m

26 m

1 m

C5 C6 C7 C8

ment submitted to localised sinkhole.
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Fig. 8. View of the numerical modelling of the embankment after the skinhole.
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the geometrical and physical parameters of the materials used:
product test, strain tests, damage tests in a shear box and mem-
brane effect tests [4]. These tests allowed the main parameters of
soil, geosynthetic and interfaces to be determined.

The geosynthetic used was a non-woven needle punched geo-
textile reinforced by polyester yarns in the main production direc-
tion. The stiffness of the geosynthetic in the reinforced direction
was J = 1100 kN/m and the tensile force at break Tmax (obtained
for 12% strain) was 125 kN/m. The secant stiffness obtained in
the transverse direction was 25 kN/m.

The granular layer was made of coarse elements of diameters
ranging from 0.02 to 0.04 m (granular material – called ballast –
commonly used for building the underlying fill of French railway
embankments [1,25]). The unit weight of the granular material c
was 17 kN/m3 and the internal friction angle u obtained under
weak confinement 44�. The friction laws at the soil/geosynthetic
interface were assumed to be the Coulomb friction laws (Fig. 3).
The interface friction angles [5]; Briançon et al., 2006; [31], ob-
tained by shearing tests, were respectively, dupper = 30� between
granular soil and geotextile sheet and dlower = 25� between the sub-
soil and geosynthetic.

The strains in the geosynthetic reinforcement were measured
continuously during the experiment (Fig. 6) at many points (1 m
spacing) by Bragg Gratings sensors [4] incorporated in optical fi-
bres [27] fixed on the geosynthetic sheet (Geodetect System). Man-
ual measurements were taken during the experiment to obtain the
surface settlements and vertical displacements of the sheet above
the cavity.

Five months after removing the balloons, new measurements
were performed. Small increases in geosynthetic strains were no-
ticed above the cavity and in the anchorage areas, resulting from
the progressive transfer of load at the interface and in the granular
layer.

3.2. The analytical design method

Several analytical methods [18,8]; German rules [15,2,29,3,30]
based on experimental and theoretical researches [23,22,17,20]
are usually proposed to describe the behaviour of reinforced
embankments submitted to localized sinkholes. Recent develop-
ments [6,7] allow vertical and horizontal displacements of the geo-
synthetic sheet to be predicted, knowing the stiffness of the
geosynthetic (J), the interface friction parameters (dupper and dlower),
the soil parameters (u and c), the height of the embankment (H)
and the size of the cavity (L). The interest of this method compared
to the others lies in the fact that it takes into account the stretching
of the geosynthetic in anchorage areas and the increase in stress at
the edges of the cavity, in addition to the usual mechanisms (mem-
brane effect). The major assumptions used to formulate the analyt-
ical design method are:

� The problem is plane-strain.
� The subsoil under the geosynthetic is assumed to be non

deformable.
f

q0 q 

LGl

L/2 L/2 

Fig. 7. Geometry of the reinforced embankme
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� The loads q and q0 acting on the geosynthetic sheet above the
cavity and in the anchorage areas (Fig. 7) are vertical and uni-
formly distributed. Load q is calculated by the limit equilibrium
method developed by Terzaghi [26].

� The geosynthetic sheet is reinforced in one direction (mono-
directional reinforcement). Its behaviour is assumed to be linear
elastic: T = J � e where T and J are, respectively, the tensile force
and the stiffness of the geosynthetic defined per unit width
and e the sheet strain.

� The geosynthetic over the cavity takes a membrane shape due to
the vertical loads q applied [16,18,19].

� There is a decrease in tensile force in the geosynthetic at the
edge of the cavity due to the change of orientation of the sheet.

� The horizontal displacements of the sheet in the anchorage areas
result from the stretching and the sliding of the geosynthetic
sheet.

� The friction laws at the soil/geosynthetic interfaces are the Cou-
lomb friction laws defined in Fig. 3: rn = q0 in the anchorage area
and rn = q above the cavity.

� There is an increase in the volume of soil over the cavity during
collapse that leads to reduce the surface settlement. The ratio
between the new soil volume and the initial soil volume is called
the expansion coefficient Ce.

� The boundary conditions allow finite or infinite geosynthetic
lengths on the right and on the left of the cavity (LGl and LGr)
to be taken into account.

3.3. The numerical simulation

Due to the longitudinal symmetry, the numerical model was
10 m long by 0.5 m in width. In order to reproduce the experimen-
tal characteristics (cf. part 3.1) of the soil embankment the granu-
lar material was modelled with 10,000 clusters (diameters ranging
from 0.02 to 0.04 m) made of two imbricated particles (as defined
in Section 2.2) and positioned in space with a random distribution
at porosity g = 0.342. The geometry of the numerical assembly of
particles was therefore rather close (size grains and density) to that
in the experiment carried out.

Horizontal and vertical rigid walls were used to define the
boundary conditions. The macro mechanical behaviour of the
q0

LGr

nt used in the analytical design method.
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assembly of particles was that given in Fig. 1. For an initial porosity
of 0.342, the macroscopic peak friction angle of the granular mate-
rial was 44�. The apparent density of the granular soil was 17 kN/
m3.

The rigid subsoil was modelled by a set of spherical particles of
0.04 m diameter for which only vertical displacement was allowed,
and no rolling admitted. The vertical displacement of the subsoil
particles was governed by elastic behaviour equivalent to that of
a solid with an elastic modulus of 250 MPa and a height of 0.5 m.

The geosynthetic sheet was modelled with 1360 triangular fi-
nite elements of thickness 0.005 m. The 2 m-long left part of the
Numerical
Analytical
Experiment

Vertical displacement (m)
-0.25

Longitudinal position over the cavity (m)
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Fig. 10. Comparison between numerical, analytical and experimental vertical
displacements of the geosynthetic sheet.
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sheet was free, unlike the 6 m-long right part which was fixed at
its extremity. The non-woven needle punched support was mod-
elled by a set of eight orientations of fibres uniformly distributed
in a plan with an equivalent tensile rigidity of 25 kN/m. The poly-
ester yarns were modelled by specific fibres oriented in the longi-
tudinal direction with an equivalent tensile rigidity of 1100 kN/m.

The friction angle between the geosynthetic sheet and the gran-
ular soil was 30�, while that between the subsoil and the geosyn-
thetic sheet was 25�. The normal contact rigidity between soil
and the geosynthetic sheet ensured that there was no interpene-
tration between the elements. The microscopic tangential stiffness
modulus between finite and discrete elements was Eti = 10 MN/m3

(U0 was around 0.5 mm for the normal stress acting at the
interface).

At both sides of the cavity, the lateral boundary conditions were
imposed using frictional rigid walls (friction angle of 44�).

The numerical sample was first equilibrated under gravity using
a horizontal plate over the cavity to prevent any vertical displace-
ments. The activation of the subsidence mechanisms was obtained
by removing the horizontal plate. The mechanisms studied were
the stretching and sliding of the geosynthetic sheet in the anchor-
age areas, movement of the particles of the soil embankment and
vertical displacements of the geosynthetic sheet over the cavity
(Fig. 8).

3.4. Comparison between the analytical, experimental and numerical
models

The comparison between the numerical model, analytical de-
sign method and experimental results is based on the measure-
ment of the vertical displacements of the geosynthetic sheet and
on the experimental values of the strain gauges just after emptying
the balloons and 5 months later (Figs. 9 and 10). The parameters
used for the analytical design method were: L = 2 m, H = 0.5 m,
c = 17 kN/m3, u = 44�, Ce = 1.05, q0 = c H = 8.5 kN/m2, J = 1100 kN/
m, dupper = 30�, dlower = 25�, U0 = 5 mm, LGl = 3 m and LGr =1.

The comparison between numerical, analytical and experimen-
tal results shows that the numerical model reproduces the main
mechanisms involved during the subsidence of the reinforced
embankment in a satisfactory manner: membrane effect, stretch-
ing, friction, and sliding of the geosynthetic sheet in the anchorage
areas, increase in strain (and tensile force) at the edges of the cav-
2 3 4 5 6

Lower normal stresses

Upper normal stresses

γ  H
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e upper and lower sides of the geosynthetic.
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Fig. 13. Displacement of the granular soil particles.
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ity and the behaviour of the granular soil layer under large
displacements.

The small differences obtained between analytical and numeri-
cal results are due to the simplifying assumptions used to develop
the analytical design method: the vertical loads are uniformly ap-
plied on the geosynthetic sheet, there is no deformation of the sub-
soil, no friction between granular soil and the part of the
geosynthetic sheet located over the cavity, no rolling and no hori-
zontal displacements of the granular particles during the stretch-
ing of the sheet in the anchorage areas. The most important
Fig. 14. Distribution and intensities of the fi
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difference between the design method and the numerical method
is due to differences in the frictional shear stresses between soil
and geosynthetic over the cavity.

In order to highlight the behaviour of the granular soil layer and
its interaction with the geosynthetic sheet, additional numerical
results are presented in Figs. 10–14. Fig. 11 shows the distribution
of normal stresses acting on the upper and lower sides of the geo-
synthetic sheet. On the lower side of the sheet, we can notice an
increase in vertical stress at the edges of the cavity due to the
transfer of the load (weight of the soil embankment located over
the cavity) to the subsoil by membrane effect. On the upper side
we can notice, by comparison with the value of the vertical stresses
due to the weight of the soil embankment (cH), that there is no sig-
nificant arching effect in the present case (low value of the ratio H/
L = 0.25). The assumption used for the analytical design method of
uniform vertical load acting on the geosynthetic is satisfactory en-
ough for granular material and for the geometry studied here.

Fig. 12 shows distribution of the shear stresses acting on the
upper and lower interfaces of the geosynthetic sheet. As men-
tioned before, we can notice an increase in shear stresses at the
edges of the cavity due to local phenomena. The comparison with
the values of the maximal shear stresses that can be obtained at
rst invariant dV/V of the strain tensor.
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each interface (cH tandlower and cH tandlower) shows that friction is
partially mobilized on the right side of the cavity, and fully com-
pleted on the left side. Over the cavity, friction between soil parti-
cles and geosynthetic induces additional shear stresses and leads
to an increase in the strain over the cavity. Note that the fluctua-
tion of the curves presented in Figs. 10 and 11 results from the dis-
crete modelling of the soil embankment.

The displacements of the soil particles in a vertical cross section
of the cavity are given in Fig. 13. We can see that the area of soil
implicated in the subsidence is located over the cavity. The stretch-
ing of the sheet in the anchorage areas induces horizontal move-
ment of the soil particles in the vicinity of the geosynthetic
sheet. Based on a method first presented by Cundall and Strack
[12] and applied in 2D by Calvetti et al. [9], a strain tensor was cal-
culated for each tetrahedron of the Delaunay tessellation of the
particle assembly. The first invariant – referred to as dV/V – of this
strain tensor was deduced and represented in Fig. 14. The ampli-
tudes of the value of the first invariant reflect the intensity of vol-
umetric strains in the granular layer. Except in the central part of
the cavity in the lower part of the layer (near the geotextile) where
the particle assembly is not disordered, soil expansion is consider-
able. The ratio between the initial and final volumes of the part of
the granular embankment located over the cavity gives an expan-
sion coefficient of the modelled granular soil of about 1.09.

4. Conclusion

The numerical model developed here and coupling finite ele-
ment and discrete element methods allows the behaviour of an
embankment reinforced by geosynthetic sheets to be reproduced
in a satisfactory manner. The discrete model is well adapted to take
account of realistic phenomena involved in the granular soil layer:
shearing, expansion, load transfer and large displacements (subsi-
dence and collapse). The finite element model makes it possible to
describe the fibrous structure of the geosynthetic sheet, its
mechanical behaviour (stretching and membrane effect) and its
interaction with the soil (friction and sliding).

For the current plane-strain application involving a thin layer of
granular material, the numerical results provide a good match with
the analytical results. In more sophisticated cases, due to the sim-
plifying assumptions made to develop the analytical design meth-
od, it could be possible to have large differences between analytical
and numerical results. This is probably the case for three-dimen-
sional applications (cylindrical or non symmetrical cavities), for
greater embankment thickness values (load transfer mechanisms
in soil embankments are sophisticated), for cohesive soil (the col-
lapse mechanisms for cohesive soil are rather different from these
observed for granular material) and for geosynthetic sheets rein-
forced in several directions.

One of the major interests of the numerical model is its ability
to take account of a wide range of soil behaviour, embankment
heights and cavity shapes. Parametric studies could be performed
easily in order to investigate the influence of the main parameters
and to improve the usual design methods. For instance, the analyt-
ical design of cohesive soil embankments subjected to localised
sinkhole remains problematic due to the lack of the experimental
results necessary to validate the numerical models.
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