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Abstract
This paper is devoted to the micro-mechanical origins of the high compressibility of brittle tubular particle assemblies. The
material is extremely porous due to the presence of a large hole within the tube-shaped particle. The release of the inner void,
protected by a fragile shell, gives the material a very strong ability to compress. The compressive response is investigated
by means of the discrete element method, DEM, using crushable elements. To address the complexity of the model, a step-
by-step breakdown is developed. The paper comprises the comparison of the numerical results with both results obtained
by the authors and existing experiments. With the insights provided by the DEM, we have sought to better understand the
phenomena that originate at the grain scale and that govern macroscopic behaviour. Grain breakage was proven to control the
compressive behaviour, and thus, the importance of internal pores dominates the inter-particle voids. Then, a novel concept
of compressibility analysis has been proposed using the separation of the double porosity and the quantification of the pore
collapse through primary grain breakage. Finally, a general, geometrical development of a semi-analytical model has been
proposed aiming the prediction of the evolution of double porosity vs axial strain.

Keywords Grain breakage · 3D DEM · Tensile failure · Bonded particles · Oedometer compression · Parametric study · Void
ratio evolution prediction

1 Introduction

The research presented in the current paper originates from
an engineering concept of themono-block compressible arch
segment (US Patent pending on “Voussoir Monobloc Com-
pressible”, VMC, developed jointly by CMC and Andra [1]).
VMC is an innovative technique of fabricating the tunnel
lining. This pre-casting technology combines a conventional
reinforced concrete segment with a compressible layer on
its outer side (extrados) [2–5]. In the engineering practice,
there exist some cases in which the host rock around tun-
nel was partially replaced with a compressible material that
prevents an overloading of already existing tunnels [6]. Such
approach treats the tunnel and the compressible material as
separate systems, whereas in Andra’s double-layer lining the
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two systems cooperate closely. Another innovation of the
VMC design concerns the compressible layer itself. Instead
of a highly compressible material, like foam, a cemented
assembly of highly porous and quasi-fragile particles was
envisioned. From a mechanical point of view, the influence
of the weak cement bonds between the particles is essen-
tially dominated by the characteristics of the granular core.
The key benefit of introducing the granular material is related
to the charge transfer that it enables [7]: a local load can be
minimised by spreading it on the extrados surface of the rein-
forced concrete segment. In addition, under sufficient load,
the layer will experience some compressible deformations
allowing for a stress dissipation (Fig. 1). As long as the
outer layer exhibits its compressible capacities, it limits the
load transferred on the inner layer. The quasi-fragile parti-
cles were manufactured from the excavated COx clay stone,
first dried then baked at high temperature, and therefore have
brittle properties. The compressible response (Fig. 1) is pre-
dominantly achieved by closing the pores. The large internal
porosity contributes significantly to a highly compressible
mechanical response, e.g. [8]. This material owes its high
porosity to the tubular geometry of the constituent particle,
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Fig. 1 Typical compressive response of a shell assembly (Fig. 2a)
to oedometric compression: σa—uniaxial, imposed load, and εa—
compressible deformations

h

d

t

(a) (b)

Fig. 2 A brittle, crushable particle with highly porous geometry: a a
tube-shaped shell is described by diameter d, height h and thickness t
such that d � h � 20 mm and t � 2.4 mm, b a cluster, a numerical
clone of the shell, with same dimensions and made of 24 rigid sectors
linked together as shown in Fig. 3

called shell (Fig. 2a). The geometry was specially selected
for this application, such that the shell-scale porosity, i.e.
volume of internal void to total volume of particle, reaches
50%.

First purpose of thisworkwas to design a numericalmodel
capable of simulating shell breakage. For this, methods based
on peridynamics, e.g. [9], or the material points method, e.g.
[10], would be suitable but expensive in computation time.
Another approach like discrete element method, DEM, as
it was introduced in the 70s [11], is also particularly well
suited for breakage granular materials. A couple of DEM
techniques can include the capability of the particle to break:
fragment substitution, FS, e.g. [12–14], and bonded particle,

BP, e.g. [15–17]. In FS methods, the breakage criterion is
defined as a function of the critical load that particle can-
not withstand. Once broken, the original particle is replaced
by a set of new particles. The replacement mode is usually
structured under the condition of a self-similarity. In other
words, the replacement particles keep the same shape but are
smaller in size. Self-similarity suits a material like sand but is
hardly applicable in the case of tubular shells. It is then more
convenient to use BP approach that connects sub-particles by
means of the cohesive links. The breakage is verified between
sub-particles, and thus, it requires knowledge of a material
strength.

A rigid clump of elements can in detail reproduce highly
complex shapes [18]. In the field of geomechanics, this tech-
nique was found considerably useful in the investigations of
the particle shape, for example, aiming the concavity effect
[19,20]. This work also took advantage of clumping method
when constructing a non-spherical polygonal-like sector. To
generate the tube-shaped geometry (Fig. 2b), the sectorswere
linked together using BP method. Section 2 elaborates on
how the BP model was adapted to the case of the cylindrical
shells. The paper is then continued with shell-scale investi-
gations, both numerical and experimental, in Sect. 3. This
part is dedicated to the identification of discrete parameters
and a calibration of the breakage model. Section 4 is a trib-
ute to the true packing with the focus being redirected to the
internal state variables. It mostly discusses shell orientation:
the theoretical approach and the results of an experimental
characterisation with X-ray acquisitions. Sensitivity analy-
sis presented in Sect. 5 gives a better understanding of how
the discrete parameters as well as the initial state affect the
macroscopic behaviour to oedometric compression. At this
point, the complexity of the model, the necessary compro-
mises and the validity point will be also discussed. This
section also begins the discussion over high compressibil-
ity exposed by the stress–strain curve (with a reference to
the experiment). Yet, the analysis of compressibility is fully
completed in Sect. 6. To finish, a geometrical and analytical
development of a prediction model incorporating the break-
age phenomenon is proposed. Finally, a brief summary is
given at a very end, in Sect. 7.

2 Model of crushable shell

The experimental study of the behaviour under oedomet-
ric compression of tube-shaped clay-shell assemblies shows
that before being completely crushed and reduced to powder
(εa = 0.9 in Fig. 1), the particles break essentially radially,
up to εa � 0.6, insets in Fig. 1.

To simulate the breakage of the shell (Fig. 2a), this model
was based upon the bonded particle (BP) approach—a DEM
technique clustering smaller, rigid sub-particles into a “par-
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Fig. 3 Two cohesively linked sectors. A sector is a rigid clump of the
elementary solid figures (spheres 1©, cylinders 2© and rectangular prism
3©) that spatially form a sphero-polyhedron. The black dots indicate
the links that act as an elastic glue, while they are not broken (Fig. 4).
Four sphere-to-sphere links are accounted for each sector interface. The
segment size is h = 20 mm and t = 2.4 mm, see Fig. 2. The segment
width depends on the number N �

circ of segments used to model the shell

ent” particle. Therefore, in the current paper a numerical,
tube-shaped, breakable particle is referred to as the clus-
ter, while term sector stands for its constituent (Fig. 2b).
As presented in Fig. 3, each sector has been generated as a
polyhedron-like shape by clumping 3D solid figures (sphere,
cylinder and rectangular prism) rigidly1 together, and thus,
preventing it from any deformations. Sectors of the same par-
ent cluster are joined bymeans of the distinctive connections,
hereinafter called links. For the sake of simplicity, the link
is only located in-between spheres that are positioned at the
sector “corners” (Fig. 3). Relative movements evolve in all
four links aligned on an interface between two sectors, and
thus, those links develop the elastic forces as follows:

(
f I

f I I

)
= −

(
kI 0
0 kI I

)
·
(

δI

δI I

)
(1)

where k• are the link stiffnesses, and δ• are the relative dis-
placements between two spheres at their touching point. In
other words, δ• can be considered as shortening or elongation
of the local links in corresponding direction. The subscripts
I and II refer to the fracture mode, but can also be seen as
the normal and tangential direction of the link.

To avoid pure mode-I fracture ( f I I = 0 N), f I must not
exceed a tensile yield threshold − f �

I (Fig. 4a). The material
also withstands shear of the puremode-II type ( f I = 0N), as
long as the force f I I remains in the± f �

I I range (Fig. 4b). The
yielding surface for any mixed loading (combined mode-I

1 Lack of relative movement between the solid figures.

andmode-II) in the f I– f I I space, is defined by the following
function:

ϕ = f I

− f �
I

+
( | f I I |

f �
I I

)q

− 1 (2)

where q enables to adjust the surface between a bi-linear
shape (q = 0) and a semi-infinite rectangle shape when q
tends towards infinity. Figure 4c shows an example of yield
surface for q in the order of 2. All four links are broken as
soon as in one of them the breakage criterion is met:

ϕ ≥ 0 (3)

Once the link is yielded, it is irreversibly broken.At this stage,
frictional contact interactions become possible between the
two sectors that have just been detached.

In case of frictional contact, the force–displacement rela-
tions used are quite classical and can read as

fn =
{

−knδn if δn < 0

0 otherwise
(4)

and

Δ ft =
{

−kt δ̇tΔt if ft < μ fn

0 otherwise
(5)

where fn is a normal repulsive force proportional to the nor-
mal distance δn in case of overlap, and the increment of
tangential force Δ ft is proportional to the increment of slid-
ing distance (that is the sliding velocity δ̇t multiplied by the
time step Δt) as long as ft remains below μ fn . As a result,
a contact involves only compressive fn as demonstrated in
Fig. 4a. The tangential force is constrained to remain within
the range±μ fn , as shown in Fig. 4b. This leads to a bi-linear
yield function (Coulomb cone) ruled by a given friction coef-
ficient μ, as shown in Fig. 4c.

In discrete element simulations of quasi-static regimes
[22], energy dissipation is a major concern [23]. In our sit-
uation, the fracture of the brittle shells is characterised by
high energy releases, so the efficiency of energy dissipa-
tion becomes even more critical. To handle it, two means are
employed. The first is a viscous force added to the contact
normal force, such that the damping is at 95% of its criti-
cal state corresponding to perfectly inelastic collisions. The
second means of damping is not strictly physical but rather
numerical. It is the non-local damping which has been set to
30% as prescribed by their designers [24]. The purpose of
its use is to minimise the surges of kinetic energy induced
by sudden link failures. These two damping parameters were
kept identical for all simulations, and we obviously ascer-
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Fig. 4 Graphic representation of the force laws for the links (black
lines) and for the frictional contacts (dashed blue lines): a loading in
mode-I (normal direction); b loading in mode-II (tangential direction).
c A 2D representation of the critical state for links in f I − f I I space

(black curve), and for frictional contacts in ft − fn space (dashed blue
lines). The latter envelopes are (i) the yield function of Eq. 2 for a given
q, and (ii) the Coulomb cone for a given friction μ

tained that they did not significantly affect the macroscopic
mechanical responses.

The numerical part of thework has been conducted using a
parallelised tool named Rockable2 which algorithm oper-
ates on complex, sphero-polyhedral shape features. Regard-
ing the force laws, one needs to specify 8 parameters:

➙ 5 for the links (ruling the breakage): kI , kI I , f �
I , f �

I I and
q,

➙ 3 related to the frictional contacts (between detached sec-
tors or clusters): kn , kt and μ.

InSect. 3, their determination and/or tuningwill be discussed.
Notice that the adjustment of some parameters (kn , kt and
μ) requires investigations on assemblies so that clusters can
interact. This aspect is to be discussed further in Sect. 5.

3 Assessment of shell mechanical properties

The model requires a calibration. This process of parameter
tuning, which is essential to the reliability of the model, is
not a straightforward task of bridging quantities at the micro-
and macro-scales. We are focusing here on the breakage of

2 In house numerical code developed by V. Richefeu https://orcid.org/
0000-0002-8897-5499, in collaboration with the authors of this paper.

a single shell. The strength of the constituent material of the
shell must be considered in the evaluation of the threshold
forces of Equation (2). The present modelling is such that
the parameters f �

I and f �
I I monitor the resistance of the shell

in combination with the chosen sectioning (i.e. the way the
cluster is partitioned). In other words, the threshold forces
are structural parameters and they are in no way constitutive
parameters. Therefore, experiences of breaking a single shell
have been relied on.

3.1 Mode-I failure (kI, f�I )

A series of strain-controlled uniaxial radial compressions,
URC, has been performed to initiate a tensile failure. The
loading conditions bear a strong resemblance to Brazilian
compression test [25]. A ring cross section of shell was dia-
metrically compressed by the force FI in which direction
the ring deformation Δd was measured (Fig. 5). A detailed
description of the experimental campaign including the char-
acterisation of tested shells can be found in [26]. Figure 5
shows the variety of the mechanical responses captured in
the experimental campaign (green curves), but only the aver-
age response in terms of maximum force and displacement
(FI � 122.5 ± 19.4 N, Δd � 1.83 × 104 ± 0.35 × 104 m)
was numerically adjusted (red line in the plot). Since the
force law in the links is basically linear (see Fig. 4a), the
curve FI ↔ Δd also obeys the linear relationship with the
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Fig. 5 Uniaxial radial compression (top right scheme). A variability of
the experimental behaviour is shown by the green curves (51 tests). The
red line is the numerical reflection of the mechanical behaviour ruled
by shell stiffness K I up to the primary breakage. The localisation of
primary (vertical) and secondary (horizontal) cracks are presented in
the two insets

constant slope K I—a shell radial stiffness that depends on
the ring geometry (size, relative thickness, and so forth). Note
that also the experimental curves convert to linear trends after
a contact stabilisation manifested by the nonlinearity of the
curve. This stabilisation is caused, in particular, by a surface
chipping and/or a slight movement of shell that inhibit the
increase of force. The numerical investigations have shown
how to model the shell response to URC throughout two
micro-parameters: the yield tensile threshold f �

I and mode-I
stiffness kI . The average response presented in Fig. 5 has
been simulated with f �

I = 85 N and kI = 1.1 × 107 N/m.
Whereas the link stiffness kI was found to control K I varying
only the range of Δd, FI remained in a linear relationship
with f �

I . Using f �
I = FI /α with α = 1.414 (for the aver-

age shell with 18 mm diameter and the ring thickness of 2.4
mm), the Weibullian distribution [29] of FI can be easily
converted to its numerical substitute f �

I as shown in Fig. 7.
It characterises the probability of shell survival from the ten-
sile failure with the Weibullian cumulative density function
(cdf ) for scale and shape parameters, respectively, x0 and m
[26,30,31]. Using these parameters to distribute f �

I on the
links in a simulation, the heterogeneity of material, partly
caused by geometrical imperfections of shell (with respect
to idealised shape of the cluster, as shown in Fig. 2b), can be
introduced.

Finally, we could verify the shape partitioning in view
of the breakage context. In case of URC, the cluster model
with only circumferential slicing is sufficient to reproduce

Fig. 6 Example of a shell partitioned with N �
circ = 12 and N �

axial = 2

the experimental breakage into 4 fragments: in the vertical
plane recognised as primary breakage and in the horizon-
tal plane as secondary breakage (see the insets of Fig. 5).
However, one must have noticed a distinction in the occur-
rence of secondary cracks—Δd exceeds the extents observed
in the experiments. This is mainly an effect of the model
assumptions. More precisely, this modelling did not distin-
guish the initiation and the propagationof the crack as it arises
experimentally—cracks occurred in just one time step which
led to a sudden, high release of energy stored in link (mani-
fested by the drop of the force). After the force mounted up
again but in the model, we deal with half-rings so the cluster
stiffness K I decreased due to change of geometry.

As seen before, the shells are subdivided into N �
circ sectors

in its circumference. The sectors are the unbreakable elemen-
tary entities of the modelling. In the axial direction, sectors
can also be divided into N �

axial parts, as shown in Fig. 6.
For oedometer test simulations at low stress levels, that is

when the shells tend to fail due to cracks initiated in tension,
this shape partition respects the experimentally observed
fracture pattern [32]. But the higher is the stress level, the
more deviate the longitudinal sectors from the actual shape
of fragments. 3 In this work, shell clusters have been sliced
by using N �

axial = 1 and N �
circ = 12, for most of the cases.

In this way, the compression rate has been consciously lim-
ited in the model. Nevertheless, with the prospect of larger
scale modelling, reducing the amount of particles in favour
of lower computational cost was a necessary initiative. Local
parameters must be adjusted when the slicing of the shell
shape is changed such that Fig. 7:

➙ kI increases proportionally to N �
circ with 24 sectors as a

reference
➙ f �

I changes with N �
axial referencing no axial division—4

links to break in the axial direction

3.2 Mode-II failure (kII, f�II)

In-plane shear tests were performed using an in-house shear
device inspired by the commonly used direct shear box such

3 Observations from oedometer tests performed in Laboratory Navier,
Paris.
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Fig. 7 Weibull’s cumulative distribution function of the tensile yield
threshold f �

I . The link survival is modelled as PS = 1/ exp (x/x0)m ,
wherem is theWeibull’smodulus, x0 is the scale parameter, and x = f �

I .
Red points mark data deduced from the experimental campaign, while
the curve is a theoretical trend that was found from fitting equation
ln(ln(1/Ps)) = m ln x − (m ln x0) in a linearised, logarithmic space
(see the inset)

FII

FII

Fig. 8 The concept of in-plane shear failure. A shearing force FI I
triggers failure through two axial cracks, a breakage manner directly
applied to the radial slicing shown in Fig. 2b

that shell breaks in the middle creating 2 parts, as shown in
Fig. 8. The shell is first caged in two-part shear box and then
sheared by imposing a constant relative displacement rate.
The tangential force was recorded during the test. Unfortu-
nately, these attempts of a pure in-plane shear testwere hardly
satisfying as the shells mainly failed in axial compression for
a force FI I � 2000N.As a consequence, aminimum tangen-
tial force of 2000 N was assumed to be needed for mode-II
failure.

In the currentmodel, four links are set between subsequent
sectors. The critical shear strength f �

I I of each link is thus set
to 250N so that the triggers shell failure inmode II, illustrated

in Fig. 8, is FI I = 2000 N. For sake of simplicity, hereafter
the link stiffness kI I was set equal to kI .

3.3 Combinedmode-I andmode-II failure (q)

The rupture of a link can result from pure mode-I tension or
pure mode-II shear. In practice, however, the loading state of
a link is actually a combination of these two modes, and it
is necessary that a failure criterion takes both loading modes
into consideration. This is the reason why the yielding func-
tion (Equation (2)) was introduced (see Fig. 4c). The yield
envelop is cone-shaped when q = 1, which is similar to
a linear Mohr–Coulomb surface with the major difference
that the link response remains elastic and linear inside the
surface. Increasing q, the yield surface tends to become a
prismatic shape, and the combined influence of the two pure
rupture thresholds tends to vanish. (They become completely
independent for q = ∞.)

A number of URC and in-plane shear simulations, carried
out on single shells, have shown a limited influence of q
on failure provided that q ≥ 2. Finally, a parabolic yield
function was used (q = 2), following [21].

3.4 Sector-to-sector frictional contact parameters
(kn, kt,�)

Frictional contact can act between sectors of different clus-
ters, or between sectors of the same cluster if their common
adhesion plan has been broken. One can estimate the contact
stiffnesses as follows. For Young’s modulus E = 4 Ga and
the Poisson coefficient ν = 0.29, the dimensionless stiffness
parameter for 3D Hertz contact expresses [33]

κ =
(

E

σ0(1 − ν2)

)2/3

� 267 for σ0 = 1 MPa (6)

where σ0 is a reference mean stress. For a typical shell size
being the shell diameter d (Fig. 2), the normal contact stiff-
ness is kn = 5.34 × 106 N/m, in the case of a linear normal
contact law, κ = kn/(dσ0) [33]. Recall that we have always
been keeping the ratio kn/kt = 1. Then, in case of the cluster
with N �

circ = 12, it was possible to equal the link and fric-
tional contact stiffnesses kn = kt = kI = kI I at the same
value of around 5.5 × 106 N/m.

Concerning the contact friction coefficient, it was esti-
mated using an experimental device of 3 shells described in
[36] and [26]. The following value was used: μ = 0.24 ±
0.06.

There exists other non-numerical parameters that one
might find influential for the shell assemblies, e.g. initial den-
sity, contact network, orientation of shell. Such investigations
cannot be limited to one cluster, and therefore, Sect. 5 is ded-
icated to the parametric study at the sample scale, but first
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Table 1 The image acquisition capabilities of the RX-Solutions scan-
ner with an “indirect” flat-panel Varian PaxScan® 2520V detector and
Hamamatsu Corporation L8121-03 source [34]

Setting Value

Voltage 135 kV

Current 500 μA

Maximum spatial resolution 100 μm

Spot size large

No. angular positions 1440

No. scans per position 6

Highest frame rate 5

a realistic numerical sample needs to be generated. Thus, in
Sect. 4, we present the experimental identifications of some
parameters that serve us as the starting points.

4 Micro-scale characteristics of a real shell
assembly

Let us start with the internal variables that on various
complexity levels refer to the fabric of granular material.
Probably, the most basic measure is a density. This study
relay on the number density n measuring the amount of shells
in the volume unit. The true values that the modelling aims
are n = 151 384 ± 1 319 m−3 for the sample with 2.09 m3

volume and n = 155 129 ± 3 952 m−3 for the volume of
6.43 m3. The given values concern the samples being a shell
assembly, a situation we will address numerically (Sect. 5).

Towards more comprehensive characterisation, a couple
of cylindrical samples with diameter � 12 cm and height of
about the same size were extracted from the compressible
layer of the tunnel segment, VMC. On that account, they are
the shell–mortar composites. Thanks to X-ray radiographs
acquired in RX-Solutions scanner of Laboratoire 3SR, it was
possible to reconstruct their volumes (Fig. 9a). The acquisi-
tion capabilities of the RX-Solutions scanner are specified
in Table 1, but the precise descriptions of the X-ray imagin-
ing technique and the scanner itself are not the object of the
current paper, yet can be easily found, for example, in [34].

4.1 Shell detection in 3D images

From a binary image, that is a 3D solid–void matrix, we
can extract a couple of datasets. A spatial detection of the
shells motivated us to perform the X-ray scanning in the first
place. The full detection concerns two components: the posi-
tion and the orientation. 3DShellFinder algorithm was
specifically designed to suit the tubular geometry of the shell.
A perfect tube is pre-specified such that it can be inscribed
in the true body of the shell. This tube is then represented

by a set of the search points as shown in the inset of Fig. 9b.
For each targeted shell, the algorithm probes different posi-
tions and orientations varying them by a considerably large
amount of the small increments. An attempt to detect shell
firstly consists in assigning the search points to the voxels in
the image. Their grey level equals either 1 for voids or 0 for
solid. Then, the algorithm proceeds with the minimisation of
an error function:

E(xshell, q̂shell) = 1 − 1

NZOI

∑
i∈ZOI

I
[
P i (xshell, q̂shell)

]
(7)

where I is the 3D-image and NZOI is the number of search
points that are located within the zone of interest (ZOI). The
function of Equation (7) is parametrised by the position (vec-
tor xshell ) and the orientation (quaternion q̂shell) of the search
points Pi . For the search points perfectly aligned with the
shell in the image E(xshell, q̂shell) = 0, but to increase the
probability of the successful search the algorithm accepts a
small error, e.g. in the following caseE(xshell, q̂shell) ≤ 0.02.
For the sample of Fig. 9a, the search tube was circumferen-
tially discretised into 18 points for two rings of radii 70 and
80 voxels. Axially, 30 points were densely distributed along
the length of 120 voxels. Figure 9b shows 229 shells (green
points) successfully located in the image.Wehave estimated4

that the algorithm identified around 98 % of shells (positions
and 3D orientations). The unsuccessful searches were caused
by (i) the damaged of the boundary shells or (ii) a strong
imperfection of the full shell within the sample core.

4.2 An approach to analyse shell orientations

More complex aspect of studying the sample fabric should
include a combined treatment of the particle orientation and
the contact network [35]. Experimentally, with the X-ray
radiographs we were able to address only the first one. Con-
sidering the axisymmetric shell, the ring cross section defines
the weak plane, while a central axis indicates its strong direc-
tion. It is worth mentioning that in the global coordinate
system the vertical axis corresponds to the loading direction.
Hence, an investigation of the shell/cluster orientation can be
limited to the inclination of the central shell axis with respect
to the vertical. This inclination can be measured by an angle
α, but herein it is quantified indirectly with its cosine, such
that | cosα| = 1 for vertically resting shells and | cosα| = 0
for the horizontal orientation as in URC tests. Figure 10
presents the probability density function of the shell orien-
tation with a strong but non-continuous anisotropy proven
by a well-marked peak for | cosα| = 0. Despite a natural
tendency of the shell to embed horizontally, there still exists

4 From the experimental measurement of n.
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Fig. 9 X-ray tomography: a—A reconstructed volume of a true sam-
ple obtained with X-Act software based on the filtered backprojection
(FBP) algorithm. b—Shells detection with 3DShellFinder tool, for
the same sample. The red zone represents the solid phase of a horizontal
slice cut out from the volume (a). Each successfully found shell is rep-

resented by a number of the search points (see inset), and those points
are marked in green. Whereas red box marks the border of full size
image, the blue vertical lines show the reduced zone within which the
algorithm detects the shells

a partial isotropy for the remaining orientations. As a con-
sequence, in oedometer test the shells are mainly radially
compressed, and one can expect mainly the tensile stress to
cause the primary breakage.

Additionally, a void-to-solid ratio e could be easily
extracted the from 3D image, where solid includes both the
shells and the mortar. For the sample shown in Fig. 9a, the
standard void ratio e is equal to 1.283 for both shells and
mortar. The calculation disregards the boundaries of sample
that were spoiled due to a extraction process used to drill
the specimen from the tunnel segment. A rough estimation
of e for shells (without taking into account the mortar) only
reaches 2.4. A difference between those values will play a
crucial role in the evaluation of the shell–mortar modelling
where the volume mortar will not be represented (not further
discussed in current paper).

5 Sensitivity to themodel inputs

As shown in Sect. 3, the numerical model requires numerical,
mechanical and geometrical parameters. In order to carry out
this study, it was fundamental to first perform a sensitivity
analysis and to try to really understand the effects of the
parameters.

The oedometer test consists in imposing an uniaxial
compression, while the boundaries are fixed in remaining
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Fig. 10 Probability density function pdf(x) of shells orientation from
all the samples cut out of a compressible layer around a tunnel segment
(VMC). | cosα| varies between 0 for horizontal orientation and 1 for
vertical shells

directions (Fig. 1). The mechanical response is displayed as
the relationship between the axial stress σa and the natural
axial strain:
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εa = ln(H/H0) (8)

where H and H0 are the current and initial high of the sample,
respectively.

The current analysis is essentially a bare judgement of
the consequences of the parameter variations on the macro-
scopic mechanical response. The present section attempts to
make clear which are the most influential parameters and
how through their value control the mechanical response.

To generate a specimen of packed clusters, a deposit under
normal gravity has been simulated. Initially, the clusters were
placed, without contact, within a cylindrical container closed
by a flat lid on top; the threshold forces of the bonds that
hold the cluster segments were set so that the clusters cannot
break in this phase. Each cluster has been not only positioned
in a separate node of a cylindrical grid but also randomly
oriented. Afterwards, the suspension deposited due to the
activation of gravity. Additionally, an off-grid movement has
been imposed at each cluster. Such numerical trick is equiva-
lent to the sample shaking which prevents formation of local
cavities, especially within highly frictional assemblies. Once
the assembly embedded at the bottom of the container, the
energy dissipation process needed time to reach a satisfactory
equilibrium state.

While falling, the clusters collide through frictional con-
tacts (see Fig. 4b, dashed line). The greater is the friction
coefficient, the looser is the cluster packing at the end.
With series of numerical deposits, an analytical relationship
between the inter-granular friction coefficient μshell and the
density has been determined [26]. Therefore, it was possible
to tune the initial density. The deposit was simulated with
μshell set to 0.08, with friction-less walls (μwall = 0). The
sample density is then in the order of the experimental one
(see Sect. 4).

In the following, the sensitivity to different parameters
is discussed in the context of oedometric compressions of
cluster samples, at constant loading rate. The loading rate is
chosen low enough to ensure a quasi-static regime. To do so,
we ensured that the inertial number I = ε̇a

√
m/σ was less

than 10−3 [27,28]. Additionally, the time step was chosen to
ensure the numerical stability of the integration scheme for
the equations of motion.

5.1 Mechanical and numerical interaction
parameters

5.1.1 Parameters of non-bonded frictional contacts

Figure 11 shows stress–strain trends obtained numerically
for a dense sample for selected couple of friction coeffi-
cients, μshell or μwall . No clear influence of any friction
coefficient can be noticed. It can, however, be noticed that
for a given strain, the vertical stress increaseswith the friction
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Fig. 11 Oedometric curves for various value of friction coefficient
between clusters μshell and between clusters and walls μwall . Inset:
Loading condition

coefficients. At the initial state, before loading, nearly 89%
of the interactions are bonded and 11% are frictional con-
tacts. During the compression, some links break and the later
percentage increases. However, an oedometer compression,
unlike classical shear loading, does not massively mobilise
friction between the constituent rigid elements. This can
explain the quite minor influence of the frictional parame-
ters on the compression curves.

The other parameters of non-bonded contacts are the stiff-
nesses. To avoid unreasonable overlaps, kn and kt were varied
in the order of 106 to 107 N/m. In considered range, their val-
ues were not observed to significantly effect the macroscopic
response.

5.1.2 Cohesive links

Analogous arguments must be made concerning the stiffness
of the link, both in mode-I and mode-II direction. Partic-
ularly, kI was well estimated from the experiments, and it
does not seem meaningful to study the sensitivity to this
parameter. The key to the understanding of the mechanical
response to oedometric compression is the strength of clus-
ters, controlled through the yield thresholds (see Sect. 2),
f �
I and f �

I I . Whereas tensile yield limit f �
I has been kept

constant over simulations, the shear one f �
I I was varied,

f �
I / f �

I I = 0.34, 1.00, 1.70. Figure 12 makes clear that the
condition f �

I I ≥ f �
I is sufficient to disable the influence of

f �
I I . For f �

I / f �
I I = 1.70, a remarkable influence of the shear
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threshold exists. It results in a decrease in the plateau and a
stiffening appearing at a lower axial strain.

As discussed in Sect. 3, the shells exhibit strong variability
of the tensile strength characterised by the Weibullian distri-
bution, as shown in Fig. 7. In such a distribution [29], the
probability density function is described as a combination of
power law and exponential function:

PS = (exp(x/x0))
−m (9)

It is ruled by the modulus or shape parameter m, and the
scale parameter x0. A modulus m < 10 corresponds to a
wide distribution, i.e. a strong variability. Here, instead of
using a constant value of f �

I , we choose to take into account
a slight variability whose statistical distribution follows a
Weibull distributionwhose parameters are determined exper-
imentally: m = 7.2, x0 = 92.4 N (see Fig. 7). Since f �

I I =
f �
I /0.34 for each cluster, the variability of cluster strength

applies both on f �
I and f �

I I . Figure 13 presents the macro-
scopic stress–strain response with and without Weibullian
variability and explores the increase of x0 (that is an assembly
of stronger and stronger shells having the samebreakage vari-
ability). The modelling with no variability employs only the
average strength ( f �

I = 85 N and f �
I I = 250 N). It is shown

that the variability has a minor influence on the mechanical
behaviour. The sample structure already provides a diversity
in local fabrics and thus on the individual cluster failures.
Thus, we state that an homogeneous cluster strength is suffi-
cient in our simulations. ( f �

I I and f �
I have constant values.)

On contrary, the level of this strength plays a key role. The
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Fig. 13 Influence of the tensile strength on themacroscopic response to
uniaxial compression. Modelling with a strength variability according
to Weibull distribution (Fig. 7)

higher is the tensile yield threshold f �
I (also represented by

x0), the higher axial stress withstands the sample.

5.2 Internal structure influence

5.2.1 Initial density of the packing

Initially, the numerical campaign focused on dense assem-
blieswhose initial densitywasof the sameorder ofmagnitude
as the experimental measurements. Here, it is proposed to
account for the influence of the initial density of the samples
on the oedometer test response, the density being controlled
by the number of particles per unit volume, denoted n. Three
densities were tested. The mechanical response curves are
given in Fig. 14.

For very small strains, εa < 0.01, the three curves appear
superimposed, revealing equivalent initial stiffness. Once the
stress reaches 0.01 MPa, the 3 curves differ, with the loosest
specimen (black curve in Fig. 14) showing a slow harden-
ing phase, while the other two denser specimens see their
strengths take off towards a peak at 0.3MPa for the red curve
(intermediate n) and almost at 0.7 MPa for the densest spec-
imen (blue curve). This result is finally quite classical. It
is comparable to what can be observed on standard granu-
lar materials: the higher the density, the higher the average
number of contacts per grain and the higher the strength
of the material for low strains. For 0.05 < εa < 0.5, the
intermediate σa-plateau has the highest slope for the low-
est cluster density specimen, with all clusters being broken
around εa = 0.5. For the two other densest specimens, the
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Fig. 14 Influence of the initial density (number of clusters per m3) of
the specimen for uniaxial compression

σa-plateaus have similar slopes and end for εa = 0.4. Once
this intermediate regime is over, the hardening phase begins
(“linear” relationship in a semi-logarithmic scale). The ini-
tial density seems to play only a secondary role here, all the
clusters having been broken.

On the one side, Fig. 14 makes clear that the lower is
the initial density, the larger is the final strain range. On the
other side, the stress level is significantly lower despite the
identical cluster strength.

Against our expectations, the loosest specimen exhibits
the oedometer behaviour closest to the experiments, whereas
it has a high density of shells.When theDEMspecimens have
an initial cluster density similar to that observed experimen-
tally with shells, the oedometer behaviour differs from the
experiments in that the initial stiffness of DEM specimen is
higher.

A possible interpretation is that, for the same density, the
DEM specimens have a higher coordination number than the
experimental samples. This interpretation is motivated by the
fact that the shells are of rather irregular shape, which is not
the case of our digital clusters which then tend to organise
themselves spatially and thus have a greater number of con-
tacts.

5.2.2 Anisotropy of cluster orientations

In this section, we focus on the influence of another very
influential parameter which is the cluster orientations in the
initial packings. Indeed, as for clay shells, themaximumclus-
ter strength depends on the loading direction; the maximum
strength inmode-I is muchweaker than inmode-II, as shown
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Fig. 15 Influence of the cluster orientations on the macroscopic
response to uniaxial compression. Five different specimens with dif-
ferent cluster orientations. The axis orientations of the clusters in the
packing before being compressed are: Oedo.V (all vertical), Oedo.v
(many vertical); Oedo.r (randomly oriented), Oedo.H (all horizontal),
Oedo.h (many horizontal)

in Sect. 3. Therefore, five different specimens were prepared
using a specific numerical procedure (not explained in this
paper) to control the orientation of the clusters. For spec-
imens Oedo.H and Oedo.V, the clusters were all oriented
horizontally and vertically, respectively, with a given toler-
ance. An illustration of these two specimens can be seen in
Fig. 15. For specimens Oedo.h and Oedo.v, the clusters are
mainly (but not only) oriented horizontally and vertically,
respectively. Finally, for specimen Oedo.r, the clusters are
randomly oriented, like it is on the real samples, see Fig. 9.

Figure 15 shows the mechanical responses to uniaxial
loading for these five specific specimens. As anticipated,
vertically oriented particles tend to improve compressive
strength; it is perhaps more appropriate to say that the greater
the number of horizontal particles, the weaker the compres-
sive strength. The specimen Oedo.r (red curve) shows an
intermediate strength.

5.3 Comparison of the grading curves throughout
the shell-breaking process

In the previous sections, we presented the influence of vari-
ous numerical and geometrical parameters on the numerical
macroscopic behaviour of the clusters specimens. A broad
experimental campaign has been performed by collaborators
of Navier Laboratory in Paris [32], to study the mechan-
ical behaviour from samples made of around 2000 clay
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Fig. 16 Uniaxial compression of brittle hollow particles. a grain size
distribution (GSD) of a DEM specimen of clusters compared with
a real sample made of clay shells at different stages of oedometric
compression. Dots joined by continuous lines present the results of

the sieve analysis [32] for experimental tests stopped at various stress
stages—theses stages are identified on the response curves (b). For the
simulations, the sieving being computerised, the hatched area gives an
estimate of the GSDs

shells of identical size. In each uniaxial compression test,
the evolution of stress and strain is characterised by particle
rearrangements but also, and more importantly, by particle
breaking—both in experiments and in DEM simulations.
Therefore, we propose to perform a DEM-experiment con-
frontation at the particle scale to compare the evolution of
grain breakage of initially identical cluster size throughout
the uniaxial compression test. In Fig. 16b, 5 strain–stress
curves of oedometer tests are presented: one obtained from a
DEMcomputation (grey curve); 4 experimental tests stopped
at various stress levels (blue, σa = 0.14 MPa—green, σa =
0.42 MPa—red, σa = 2.8 MPa—black, σa = 6.8 MPa). For
each of these 4 stress levels, a grading analysiswas performed
for the 4 experiments as for the DEM simulation. Experi-
mentally, French standard sieves were used (mesh sizes of
3.15 mm, 5 mm, 12.5 mm and 16 mm). The grading curves
of the 4 samples corresponding to 4 stress levels are shown in
Fig. 16a with circular points connected by lines. The grading
curves of the broken clusters in the simulation differ from
the experimental ones because sieves are not needed and the
smallest passing size is perfectly known. Once broken, clus-
ter pieces hereafter called fragments can be made of 1 to
11 segments, the intact clusters being made of 12 segments.
Assuming that all fragments pass the sieve perfectly verti-
cally, each fragment is associated with the dimension of its
annular cross section. Therefore, six types of fragment can
be distinguished, and then sizes: 1 to 5 sectors and sectors
with 6–11 sectors that have a sieve size identical to that of the

intact cluster. Unlike clay-shell fragments, the sizes of cluster
fragments are perfectly known.We can therefore assume that
a sieve with a mesh size exactly equal to that of the fragment
would allow the fragment to pass through, while a sieve with
a slightly smaller mesh size would retain the fragment. Thus,
for a sieve size corresponding to a given fragment size, we
chose to consider that these fragments could pass through and
be retained by that sieve. Therefore, the particle size curve
obtained from the analysis of the fragments produced dur-
ing the DEM simulation is not a curve but an area (hatched
part in Fig. 16a) bounded in its upper part by what passes
through the sieve and in its lower part by what is retained by
the sieve. Whereas the clay-shell particles can be powdered,
the smallest fragment, a sector, is the smallest grain size for
the discrete element model. Thus, it can now be observed in
Fig. 16a that the experimental grain size distributions (GSDs)
obtained at different levels of vertical stress are in a good
agreement with DEM (the dashed areas of the same colour).
This result is crucial in a sense that it gives confidence in the
relevance of the experimentally identified values of f �

I and
f �
I I used for the DEM model.

5.4 Setting themodel parameters

In the previous sections, all the numerical, mechanical and
geometrical parameters (internal structure parameters) that
can influence themacroscopic behaviour have beenpresented
and tested. It was thus shown that although the brittle grain
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Table 2 Summary of the
parameters used for the
oedometric compression (see
Fig. 17)

1. Force laws

1.1 Links 1.2 Frictional contacts

kI 5.5 106 N/m kn 5.5 106 N/m

kI I 5.5 106 N/m kt 5.5 106 N/m

f �
I Weibull for m = 7.2, x0 = 190 N μshell 0.30

f �
I I f( f �

I ) = f �
I /0.34 μwall 0.15

q 2

2. Shape discretisation

N �
circ 12 N �

axial 1

3. Initial density

n 140 388 m−3 (loose)

model proposed here has a great amount of parameters, few
of them seem to have a significative influence on the kinetics
of grain breakage during sample deformation subjected to
oedometric loading; in particular, the number of segments
used to define a cluster is not a sensitive parameter for non-
extreme compression, provided that a minimal number is
used. The only really sensitive parameters are, at the grain
scale, the mode-I fracture-triggering parameter f �

I (recall
that f �

I I does depend on f �
I ) and the Coulomb friction angle

between thegrains—all other numerical parameters showeda
relatively small influence. The other relevant parameters are,
at the sample scale, the initial density of the sample (number
of particles per cubic meter) and the initial orientation of the
shell particles.

Therefore, using a cylindrical specimen of about 2000
clusters, we propose to make a comparison with a real sam-
ple of about 2000 clay shells, both subjected to oedometric
compression. For clusters as for the clay shells, the grains
are randomly oriented during the packing preparation. The
set of numerical parameter used for the DEM oedometric
compression is summarised in Table 2.

Figure 17 compares the outcome of the DEM modelling
with the experimental σa : εa curve. The experimen-
tal oedometer test performed by Euro-Géomat-Consulting
EGC [37] includes series of the unloading–reloading (UR)
cycles—UR cycles were also performed on the DEMmodel.
With the experiments, it is noticeable that the clay shells
assembly subjected to an oedometer-type loading path can
reach a compression level close to a vertical strain εa = 1. At
this stage of deformation, the clay shells are totally crushed
and reduced to powder. If the compression test had been con-
tinued, the stress would have increased sharply, as the sample
would hardly increase its vertical strain. With a DEM simu-
lation, the clusters cannot be reduced to powder, the smallest
element of the model being the sector. Consequently, the
sample stiffness will tend to the sector-to-sector stiffness
for smaller axial strain. Thus, while the two experimental
and numerical σa↔εa curves are initially very similar, they
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Fig. 17 Oedometer compression test. Comparison of macroscopic
stress–strain curve. Sample size: D = 35 cm and H0 ≈ 13 cm. DEM
simulations on ∼ 2000 clusters for a set of parameters given in Table 2.
The experiment performed at Euro-Géomat-Consulting EGC [37]. The
axial strain εa is computed using Eq. (8)

diverge for εa � 0.45. At εa � 0.45, the numerical curve
presents an inflexion point. An exponential law [38,39] seems
well suited to describe the trend of the classic compression
curve, i.e. for εa ≤ 0.45. In the case of tests with a large
strain range, those laws loose their validity after the inflex-
ion point. On the experimental curve, the inflexion point is
less clearly marked, but it appears at εa � 0.6 such that
oedometric modulus rises (σa rises up faster).

Our discrete element model limits εa to about 0.7. This
limitation results from the large size of the sector chosen
(sectors are as long as the tube shape), because the tube
shape was partitioned only circumferentially: N �

circ = 12
and N �

axial = 1. Increasing N �
axial, as shown in Fig. 6, would

not only have widened the range of the maximum εa but
also strain-postponed the inflexion point. On the contrary,
we checked that increasing N �

circ brings no benefit as long as
N �
axial remains unchanged. By reducing the number of sec-
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tors with N �
circ = 12 and N �

axial = 1, we intended to limit the
computational time. (A DEM simulation of a compression
test on 2000 clusters from εa = 0 to εa = 0.7 runs during 6
to 7 weeks on 6 cores.)

The good agreement observed between the DEM and
experiments is mainly due to the choice of the parameters
f �
I and f �

I I , μ and the initial density of the sample. The
contact elasticity parameters kI and kI I play only a very
limited role in the observed behaviour, as long as the speci-
men is monotonically loaded. To justify the correct choice of
elasticity parameters in the model, we have, as in the exper-
iment, carried out UR cycles, which can be considered as
quasi-elastic and therefore very dependent on the elasticity
parameters of the contact between the particles. However, as
it can be seen in Fig. 17, theURmoduli obtained via theDEM
are equivalent to those observed experimentally—the contact
elasticity parameters have therefore been correctly chosen.
This validates these parameters but also the procedure used
to determine them (see Sect. 3).

6 An analytical model for compression strain
arising from shell comminution

6.1 Grain breakage analysis

In Sect. 3, we introduced a distinction between two break-
age regimes: the cluster breakage is said to be primary when
an intact cluster breaks and consequently makes its inter-
nal void accessible. The breakage is called secondary when
parts of already broken cluster can continue to break with-
out “releasing” too many voids. In primary breakage, when
voids become physically accessible, they play a key role in
the compressibility of the whole granular specimen. Note
that we refer to compressibility in terms of void reduction,
exclusively (cluster sectors being unbreakable and assumed
perfectly rigid).

To express the level of primary breakage, a simple ratio
can be used:

b = Nbroken

N∅
(10)

where N∅ is the initial number of clusters in the specimen.
The number of primarily broken clusters Nbroken increases
from the beginning of the oedometric compression and can-
not exceed N∅.Hence,b ranges bydefinitionbetween0 and1;
it is a proportion of broken clusters. In Fig. 18, the evolution
of b (red curve) compared to the stress–strain response (black
curve) clearly demonstrates that cluster breakage influences
the mechanical behaviour.

The evolution of b with respect to εa shows 3 phases:
in the I© phase, the sample compresses mainly due to clus-
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Fig. 18 Influence of the rate of broken clusters b on the mechanical
behaviour for the loose sample. Three phases can be distinguished for
the axial strain as a reference: I© the lack or the onset of breakage, II©
a linear growth, and III© a boosted increase in the vertical stress

ter rearrangements with little cluster breakage (b < 0.05).
At some point, the clusters can no longer rearrange, higher
inter-cluster forces develop, and the particles are more prone
to break up. This corresponds to the beginning of the second
phase, II©. Then, the breakage occurs rapidly with an approx-
imately constant slope of 2.093 with the increase of εa . At
the same time, the macroscopic stress increases slightly and
linearly as a function of the axial strain. The phase II© begins
when the mechanical behaviour curve becomes nonlinear,
even exponential-like, for b ≥ 80%. In this phase, the higher
the breakage rate b, the faster the σa increases. When all the
clusters are broken (b = 1), the internal voids of each cluster
are released.

6.2 An amended concept of the void ratio

The void ratio e is commonly used to describe the volume
changes of compressible soils. It is a dimensionless parame-
ter measuring the voids as a fraction of the solid phase:

e = Vv/Vs = (Vtot − Vs)/Vs (11)

where the solid volume is a sum of cluster volume V i
s (being

itself the sum of the volumes of sectors composing the clus-
ter) over all the clusters N∅:

Vs =
N∅∑

i=1

V i
s (12)

Figure 19a shows the classical division of total volumeVtot

into two sub-volumes: the voids Vv (grey) and the solid phase
Vs (red). Within an assembly of intact clusters, the hollow
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Fig. 19 An 2D illustrations of partition into voids (grey) and solid
(red) phases. a Most common definition of the void ratio e where the
void phase is the overall air and the solid phase is the clay matter. The
modified void ratio e� (the inter-granular void ratio) accounts for the
accessibility to the internal voids: b all shells are intact (b = 0), and c
some shells are broken (b > 0) making their inside a part of the void
phase

space inside the tubes is inaccessible by other clusters. This
geometric exclusion implies that the space V i

v trapped inside
the intact clusters i can be assigned to the solid phase as
presented in Fig. 19b. When the cluster breaks, its internal
void area becomes accessible and is considered as a free space
(Fig. 19c). Hence, we suggest to amend the definition of e
into a suitable void ratio e� that accounts for the evolution of
accessible voids into inaccessible voids:

e� = Vaccessible

Vinaccessible
= Vtot − (Vs + V �)

Vs + V �
(13)

where Vaccessible and Vinaccessible are the whole volumes that
can or cannot be filled by matter, respectively. To calculate
e�, the breakage ratio b is introduced in the calculation of the
internal inaccessible voids treated as the solid:

V � = (1 − b)

N∅∑
i=1

V i
v (14)

Figure 20 shows the evolution of both e and e� as a func-
tion of the axial strain εa , computed with Eqs. (11) and (13).
As alreadymentioned, εa was defined in the framework of the
natural strain, that is calculated using a logarithmic function
(Eq. (8)). Therefore, e alwaysdecreases nonlinearly as a func-
tion of εa . On the contrary, e� evolves in a non-monotonous
manner. In the phase I©, e� remains around its initial value
e�
0 because of the clusters rearrangements and the onset of
breakage. A rather stable increase of e� is observed in the
phase II© of extensive breakage. This is a consequence of
many voids becoming prone to the progressing overall irre-
versible compression (decrease of V �). The curve exposes
the breakage inhibition with a maximum value of e� (for
εa � 0.42 in Fig. 20). It corresponds to a maximum of e�

after which the sample becomes denser. This maximum indi-
cates the axial strain at which the highly compressible regime
ends.Once all the clusters are crushed (b = 1, or equivalently
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Fig. 20 The compression curves with respect to axial strain. Evolution
of the standard void ratio e (Eq. (11)) and of the modified void ratio
e� (Eq. (13)) in the course of uniaxial compression at constant velocity
rate. This simulation is the same as the one shown in Fig. 17, with the
parameters of Table 2

V � = 0 m3), the two curves must merge because Eqs. (13)
and (11) become identical.

The control of the maximum of e� enables to tune the
compressible capacities of the cluster assembly. This opens
the door to the optimisation of the material strength and the
cluster geometry. To this end, a prediction of the e�↔εa rela-
tionship is proposed. By dividing all terms of Eq. (13) by Vs,
the modified void ratio can be expressed as a function of the
standard void ratio e:

e� = e − (V �/Vs)

1 + (V �/Vs)
(15)

Using Eqs. (12) and (14), the ratio V �/Vs becomes

V �

Vs
=

(
1 − Nbroken

N

)
V i
v

V i
s

= (1 − b)E0 (16)

where the constant E0 = V i
v/V i

s is the cluster scale void
ratio. As a consequence, combining Eqs. (15) and (16) leads
to

e�(e, b) = e − (1 − b)E0

1 + (1 − b)E0
(17)

where e� depends on the void ratio e, the initial void ratio E0

of the intact clusters and the evolution of the rate of breakage
b during the compression.

To express e� as a function of εa , both b and e need to be
a related to εa . Firstly, b ↔ εa relationship was assumed to
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be linear with slope of � 2 (which corresponds to the slope
2.093 shown in Fig. 18):

b = 2 εa (18)

with the logarithmic strain definition in uniaxial compression
defined as

εa = ln

(
Vtot,∅
Vtot

)
(19)

where subscript ∅ denotes the initial state. We can then write
that

exp(εa) = e0 + 1

e + 1
(20)

and finally,

e(εa) = 1 + e0
exp(εa)

− 1 (21)

with the initial void ratio e0 serving as the input.
In summary, themodel distinguishes two regimes depend-

ing on the breakage level: Eqs. (17), (18) and (21) constitute
the prediction of e� for b < 1. Once all the clusters are bro-
ken, b = 1, Eq. (18) is no longer valid and the classical
definition of the void ratio is used. Hence, the model can be
written as:
⎧⎨
⎩
for 0 ≤ b < 1 e�(e, b) = e − (1 − b)E0

1 + (1 − b)E0

for b = 1 e� = e
(22)

6.3 Testing themodel

Figure 21 shows the outcome of the prediction model for
different thicknesses of shells (t = 2.4; 3.6; 4.8 mm, which
corresponds to E0 � 1.062; 0.498; 0.234, respectively).
These predictions (solid lines) are also compared with the
equivalent simulations (dashed lines).

The model was built upon a very basic concept and a sim-
ple assumption on breakage kinematics, Eq. (18). Although
the model is unable to replay all the details in the evolution
of the e�, it captures quite well the main features, especially
when the void ratio switches from e� to e. In essence, this
model has structured a solid foundation for a more com-
plex prediction of the constitutive e�↔σa relationship to be
derived in the future.

7 Summary

This paper gives some insight into the micro-mechanical
origins of the high compressibility of the assembly that com-
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Fig. 21 Numerical evolution of normalised void ratios e/e0 and e�/e0
(dashed lines) with respect to axial strain. Predicted compression curves
(solid lines) according to equation (17) for shells of various thickness
t with (red) b = 2 εa for t = 2.4 mm, (blue) b = 4 εa for t = 3.6 mm,
and (black) b = 6.5 εa for t = 4.8 mm. These prediction are compared
with the DEM modellings (dashed lines)

prises extremely porous grains.Hereinbefore,webrokedown
the complexity of the model into several steps and build it up
from micro to macro scale, as follows.

In Sect. 2, by bonding non-spherical particles (called sec-
tors), we have designed a discrete element (DE) model of
a tubular grain (i.e. a cylindrical shell) capable of simulat-
ing brittle crushing. An improvement of the rigid clustering
technique that allows efficient modelling of particles of any
complex shape has been introduced. To our knowledge, clus-
tering sphero-polyhedral elements into breakable grain is a
rather innovative idea in the field of crushable geo-materials.
The necessary numerical implementationwas included in the
in-house code Rockable.

The tensile failure has been achieved at the shell scale
using uniaxial radial compression (URC) in Sect. 3. The
variability of the shell strength was described through a
Weibullian distribution. The experimental campaign con-
tributed to numerical study not only with the determination
of the tensile strength and its variability, but also with a char-
acterisation of the breakage manner, helpful to construct the
geometry of the cluster. The model successfully captured the
shell mechanical behaviour in URC under the assumption of
the linear elasticity. Still, the first consequences of the model
simplifications have been identified due to the lack of (i)
nonlinearity of the contacts laws (delaying the arise of intra-
cluster forces) and (ii) separation between the crack initiation
and propagation. A parametric study has been undertaken to
clarify the influence the elastic and yielding parameters. The
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number of sectors per cluster have been reported to affect the
values of discrete parameters. Finally, a robust set of param-
eters and a cluster structure trade-off were selected.

Section 4 comments on the “structure” of actual speci-
mens. Acknowledging the influence of initial state on the
mechanical behaviour, we characterised the bulk density
and the intrinsic anisotropy of shell orientations. While the
former was a simple and straightforward measure, the lat-
ter required the use of more advanced techniques. First,
we have proposed a geometry-based approach to efficiently
detect the tubes in 3D binary image resulting from X-ray
scanning. It was then followed by the statistical analysis
of the orientations. Despite a natural tendency of the shell
to embed horizontally, the remaining orientations are uni-
formly distributed within the sample. As a consequence,
under oedometric compression, the tensile failure of shell
will be dominant.

In Sect. 5, a systematic investigation of the responsiveness
of the macroscopic model to changes in the DEM parame-
ters has been conducted. Beyond that, the sensitivity analysis
has been extended to the influence of the initial state and of
the cluster geometry. To moderate the mechanical response
numerically, two parameters have been found crucial. First,
it has been shown that the axial stress, that is the sample bear-
ing capacity, depends on the tensile strength of constituents
which is controlled by the contact parameter called the tensile
yield force (see Sect. 2). Second, the initial density shapes
(either smoothen or sharpen) the trend of the constitutive
relationship. It has been clearly demonstrated that the signif-
icant size of the sector in longitude size of longitude sector
restricted the range of the strain. On the other hand, the evo-
lution of the grading size distribution highlighted that the
micro-mechanics of packing has not been harmed with this
simplification. Decrease in the sector size extends the func-
tionality of the model by postponing the end deformation
of the primary breaks, but becomes computationally expen-
sive. The effort undertaken has made it possible to achieve
an important objective: to reproduce the experimental result
provided by EGC and Laboratoire Navier, permitting to sat-
isfy the technological specification from fabricating the shell,
to the prefabrication of segment lining.

Section 6 evidenced that the high compressibility origi-
nated from the extensive internal pore collapse triggered by
the primary breakage. The standard void ratio has been rede-
fined in the framework of accessible and inaccessible space,
instead of solid and void. The overall void ratio decreased
progressively respecting the stain-controlled compression.
In contrast, the redefinition of porosity taking into account
the accessibility of voids has led to a strong change in this
evolution. The accessible void ratio increases despite the
fact that the macroscopic volume shrinks. In other words,
the packing experienced a “porosification”, and once the
extensive breakage has been finished, only densification took

place (i.e. a limited rearrangement of rigid sectors allowing
high transmission of forces through the elastic stiff contacts).
The end of this porosification was associated with the point
at which the high compressibility could not be exploit any
longer. A general, geometrical development of a prediction
model, including some analytically determined relationships,
has been conducted to foresee how far in the macroscopic
compression the internal porosification take place. In com-
parison with modelling of the thicker shells, the estimations
were rough but robust. This novel concept for compressibil-
ity analysis is then left as the basis for next upgrades and
developments of the authors.
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